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PPgffACS 

The  present  notes  contain  a  report  of  lectures  given  in  a 
seminar  on  Functional  Analysis,  held  in  the  Spring  of  1955  at 
the  Institute  of  Mathematical  Sciences. 

The  general  topic  of  this  seminar  was  "integration  in 
functional  space",  with  the  main  emphasis  placed  upon  the  inte- 
gration of  functionals  defined  over  a  Rilbert  space.   The  first 
chapters  (I,  II,  VI,  VIII)  of  the  lectures  consist  of  an  elabo- 
ration of  an  approach  to  this  problem  indicated  in  an  earlier 
work  of  one  of  the  contributors  ■»      In  pursuing  this,  a  result  on 
the  invariance  of  integrals  of  cylinder  functionals  was  obtained, 
independently  and  at  the  same  time,  by  J.  Schwartz  and  by  ^.0. 
Priedrichs  and  K.N.  Shapiro  (Chapters  VI,  VII).   This  result  in 
turn  led  to  an  extension  of  the  Gaussian  measure  over  Kilbert 
space  into  an  "outer  Hilbert  Space"  in  which  the  extended  mea- 
sure  is  totally  additive.  (Chapter  XII  ) 

The  notes  include  some  discussion  (Chapters  IX,  X)  of  the 
structural  relationship  of  the  integral  considered  here  to  the 
wiener  integral.   It  should  also  be  noted  that  Bochner's  exten- 
slon of  the  Kolmogoroff  Theorem   is  similar  in  spir.H  to  the 
ideas  developed  here.   However,  Bochnerfs  Theorem  does  not  cover 
the  situation  considered  In  the  notes. 

In  the  present  notes  no  discussion  is  included  of  the 
work  of  I.E.  Segal  In  this  area. 

The  seminar  was  directed  by  K.O.  Fried richs  and  H.i\. 
Shapiro  end  assisted  by  Thomas  Seidman  and  Charles  J^ytle 


A  preliminary  report  on  these  results  has  appeared  in  the 
Proceedings  of  the  National  Academy  of  Sciences,  Vol.  Ii3>  No.  ij., 
PP.  336-330,  April  1957. 

S.  Bochner,  Harmonic  Analysis  and  the  Theory  of  Probability, 
Chapter  y9     University  of  California  Press,  1955. 

This  work  was  supported  by  the  Office  of  Naval  Research  and 
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Chapter  1.   Integration  of  Functional s 

The  question  I  should  like  to  pose  and  which  we  shall  con- 
sider in  the  present  seminar  is  this:  how  does  one  integrate 
functionals  and  what  motivates  the  attempt? 

Several  approaches  to  the  integration  of  functionals  have 
been  developed  in  the  course  of  many  year?  by  Gateaux,  Levy, 
Daniell,  Wiener,  Jessen,  Kolmogoroff  and  others.  We  intend  to 
study  some  of  these  approaches  but  each  of  them  seems  a  little 
too  restricted  in  some  respects.  These  approaches  yield  inte- 
grals which  are  most  suitable  lor  the  purposes  of  probability 
theory  but,  without  modification,  they  do  not  seem  to  be  suit- 
able for  use  in  quantum  theory. 

An  explanation  of  the  need  for  the  integration  of  funct- 
ionals in  the  quantum  theory  of  fields  will  be  given  in  the  see* 
ond  chapter*   First,  however,  I  should  like  to  present  one  pos- 
sible way  of  defining  an  integral  of  functionals  which,  would 
seem  to  be  wide  enough  to  include  both  those  integrals  needed 
in  probability  and  those  needed  in  quantum  theory. 

The  functionals  we  shall  integrate  will  be  functions  defin- 
ed over  a  class  of  functions,  specifically  functions  f  of  a 
variable  £  where  the  values  taken  on  by  5  are  functions  of  a 
variable  s»  We  take  s  as  a  variable  over  a  given  base  space 
Jo  $   with  a  given  measure  differential,  }i(ds).  For  concreteness 
one  may  think  of  s  as  a  single  real  variable  running  over  the 
8-axls  and  in  our  description  we  shall  take^  as  the  real  axis. 
The  class  fef  of  independent  functions  £  will,  at  present,  be 
left  unspecified  except  that  we  require  that  it  include  all 
plecewise  constant  functions  of  s.  The  functions  in  j£v  will 
be  denoted  by  f5(#)f  or  more  simply  by  f4ff  while  by  ^(s)1  we 
denote  the  value  this  function  assumes  when  the  independent  var- 
iable takes  on  the  particular  value  s.  The  functional  will  be 
denoted  by  ff[«]  or  by  f  and  its  value  for  the  particular 
funotion,  £(*)#  will  be  denoted  by  f(£(0)  or  ff£]*  The  class 
of  these  functionals  will  also  be  left  temporarily  unspecified. 
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We  shall  first  define  the  integral  for  a  functional  f 
of  a  very  special  type. 

Let  us  "partition"  J£9   expressing  it  as  the  sum  of  a  fin- 
ite number  of  regions.  This  partition  of  A   will  be  denoted 

•   -  ft 

by  Q*   •  Considering  s  as  a  single  real  variable,  such  a  par- 
tition may  be  given  by  subdividing  the  s-axis  ^j   into  intervals, 
v  V  c  fsv-l#sv'  ^v  =  ^J69**1'*  with  sQ  =  -co  and  sn  =  +co  •  We 
consider  functions  £  (•)  which  are  constant  in  each  of  the  sub-  < 
regions  ,y  |  that  is 

£(s)  =  eM     for  s  injl    (v  =  l,...n). 

V  V 

Other  functions  g  may  be  projected  into  such  piecewise 
constant  functions.  To  this  end  one  employs  the  measure  u. 
and  sets 

^'ZT  if    €(s)n(ds)  with^\v  =  ji(Sv). 

The  projection  of  the  function  g  thus  described  will  be  denoted 
by  Fg.  We  have 

P£(s)  «  €y    for  s  in^y  (v=l,...n). 

Evidently,  the  projection  P  depends  on  the  partition  Tof^into 
the  subregions  3   . 

We  now  consider  a  special  class,  |fj  ,  of  functionals  f 
which  depend  on  their  argument  £  only  in  as  much  as  they  depend 
on  P£»  More  precisely,  these  are  the  functionals  such  that, 
for  each£(«)  in  the  (unspecified)  class  of  functions, 

A       A 
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Such  a  functional  will  be  called  "compatible  with  the  pro- 
jection P".   In  view  of  the  cueto  1  in  the  case  of  a  discrete 
meaaure  jx,  a  functional  compatible  with  some  projection  will 
also  be  called  a  "cylinder  functional".  As  a  nontrivial  exam- 
ple of  such  a  special  functional,  note  that 


t€l  =^4(S)ds  =EV/  Zlslte 


has  this  property  of  compatibility  for  any  subdivision  of*y  • 

Evidently,  a  cylinder  functional  can  be  completely  describ- 
ed with  the  aid  of  a  function  of  n  variables,  namely  by  a  func- 
tion fp(x,,.#.x )  such  that, 

f[<H  =  flH)   =  fptfi,...^) 
where         [P<J](s)  =  4V   for  sin*>y   (v=l,...n). 

The  argument,  (4i#»«»4~)  >  of  fp(#)  is  a  set  of  n  numerical  var« 

x     n        *  • 

tables  corresponding  to  the  argument,  4  =  4(0*  of  **[•]  in  a 

way  determined  by  the  projection  P. 

For  the  function  fp,  as  a  function  of  a  finite  number  of 

variables,  there  is  an  integration  theory  and  we  should  like  to 

define  the  integral  of  f  in  terras  of  an  integral  of  fp.  Thus, 

we  integrate  fp  over  the  whole  (4i*«»«#4n)  "  space  with  respect 

to  measures  ni  which  must  be  properly  chosen  subject  to  condi- 
tions which  we  shall  discuss.  Accordingly,  we  proceed  to  con- 
sider the  integral 

j/*"j/-fp(4i*"4n)  dm1(4)»*»dmll(4n)f 

the  n-tuple  integral  being  extended  over  the  whole (4j» ••4n)- 

epace.  This  integral  will  be  considered  as  the  integral  of  the 
functional  f{«]  over  the  space  of  functions  14 J  • 


J. -if 

At  present  we  denote  this  integral  Ip(f ),   I.e.  -  we  define 

„n  n 


ip(f)  =/'  fp(4r..4n)  TTV=1  anv(4v) 


As  defined,  the  integral  Ip(f)  depends  on  the  projection 
P.  We  asks   under  which  circumstances  is  Ip(f )  independent  of 
the  choice  of  P? 

Let  (p*   be  a  refinement  of  the  partition<^pand  let  Pf  be  the 
corresponding  projection.   If,  first,  the  fine  projection  Pf  is 
applied  to  a  function  4  anc*  then  the  coarser  projection  P  is 
applied  to  the  result  the  finsl  result  is  the  same  as  if  P  had 
been  applied  directly  to  4°   This  is  so  because  of  the  special 
nature  of  the  projections  P  and  Pf  which  we  have  adopted. 
We  express  the  fact  by  the  formula, 

PP?4  =  P^   or  PPf  =  P. 

We  call  a  projection  P1   such -that  PP1  =  P,  a  sub-projection 
of  P«  We  have  just  seen  that  a  refined  partition  generates 
a  sub-projection,, 

We  note  that  if  f  is  a  functional  compatible  with  a  pro- 
jection P  it  is  compatible  with  each  subpro jection  P»  as 

f[4)  -  ttHl  ■  f[ppf<f]  -  ffp;4], 

the  last  equality  being  the  same  as  the  first  with  .4  replaced  by 
p'4#  the  second  following  from  the  formula,  PP1  =  P. 

As  a  consequence  of  this  fact  the  integral  Ip»(f)  is  de- 
fined* Naturally,  we  seek  conditions  assuring  that  the  integral 
Ip(f)  is  not  changed  if^is  replacrd  by  a  refinement  $>'  : 

Ip(f)  =  Ip'U)   • 

As  f[Pf43  =  f [P43  =  r [<J ] ,  those  conditions  will  be  conditions  on 
the  measure  m,«   In  order  to  formulate  such  conditions  let  us 
assume  that  for  each  v  the  measure  m  depends  only  on  <*     and 
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not  on  the  whole  partition  #•   It  is  then  sufficient  to  consider 
a  single  segment  ^)       of  (/which  is  divided  into  two  segments 

J ,  andjL  by  $  ♦  Let  dmQ,  dnu  and  dra^  be  the  corresponding 

measure  differentials  to  be  used  in  defining  Ip(f)  and  Ipi(f)# 

Then,  an  easy  argument  shows,  the  requirement  can  be  expressed 
by  the  condition  that  the  identity, 


// 


xp^Wl  ^(M^W^o^u. 


holds  for  arbitrary  functions^  (•)  where,  aa  before, 


Av  ■"  ^*V  =  if^   ^(ds)- 


If  the  measures  m  satisfy  this  condition  they  will  be 
called  compatible*   Examples  of  such  compatible  measures  will 
be  given  a  little  later.  We  shall  refer  to  this  identity  as 
the  compatibility  condition. 

We  shall  assume  from  now  on  that  the  measures  m^   (vsl#»««n) 
are  compatible*   In  that  case  the  integral  Ipi(f)  of  any 
functional  f  which  is  compatible  with  a  projection  P  exists  and 
is,  independent  of  the  choice  of  the  subprojection  Pf#  We 
express  this  by  omitting  the  subscript,  - 


1(f)  -  IDt(f)  -  I, 


,<*)-  J*?«'—*n>X*»vlK>' 


It  should  also  be  noted  that  if  f  is  compatible  with  two  pro* 
jections#  P  and  P,  arising  from  different  partitions,  (j   and u# 
then  there  is  a  refinement  $*f   common  tou^and^  and  generat- 
ing a  projection  Pf*  It  follows  that 

1(f)  «  Ip(f)  «  Ipi(f)  «  I$(f). 
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It  is  important  to  note  that  in  order  to  show  this  we  have    ^ 
needed  the  fact  that  the  measure  u.  which  was  associated  withe/ 
is  held  fixed  throughout.   Consequently,  for  every  cylinder 
functional  f(I.e.  one  compatible  with  some  projection)  the  in- 
tegral  1(f)  exists  and  is  independent  of  the  projection. 

Up  to  now  it  has  been  assumed  that  f  v/as  a  cylinder  func- 
tional.  We  proceed  to  extend  the  class  of  functional?  for 
which  the  integral  is  defined*   V'e  note  that  the  cylinder  func- 
tionals  form  a  linear  space  normed  by 

11*11-  Kkl)  "  }   IfpC*!-.^)!  dm1((J)...dmn((f)n). 

Clearly,  if  f  is  compatible  with  P  and  a  is  a  number,  then  of 
is  compatible  with  P";  - 

(<*f)[<}]  =  af[4J  =  af[P<j>]  =  (af}[P*]. 

Also,  if .  f  is  compatible  with  P  and  g  with  P,  then  (f+g)  is 
compatible  with  Pf ,  the  common  subprojection  of  P  and  P;  - 

(f+gH4J  -  f[<H+st4]  «f[p4]+g[p*]  -  fcS,4]+g[?,4l  -  (f+g)[pf(H, 

Thus  all  finite  linear  combinations  of  cylinder  functionals  are 
again  cylinder  functionals.  In  fact,  an  arbitrary  function 
of  a  finite  number  of  cylinder  functionals  is  a  cylinder  func- 
tional and,  in  particular,  if  f  is  a  cylinder  functional  so  Is 
|f  |.  As  I  (|f  |)  ■■Ip(|f|)  for  some  P  and  as  Ip(M)  is  a  fin- 
ite-dimensional integral  known  to  be  positive-definite,  sub- 
additive, and  absolutely  multiplicative,  I(|«|)  Is  seen  to  be  a 
norm  on  the  space  of  cylinder  functionals.  The  space  will  not, 
in  general,  be  a  Banach  space  and  we  extend  it  to  a  Banach  . 
apace  by  the  usual  method  for  completion  of  a  metric  space  by 
the  addition  of  ideal  elements. 

That  is  i  -  we  consider  sequences  of  cylinder  functionals, 
%  t n|  (n=l,2,...),  such  that, 
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X^fm"fn"  ->  0   as  m,n  — >  a>  . 


To  each  such  Cauchy  sequence  f   we  way  —  as  is  well  known  — 

A 
assign  an  "Ideal"  functional  f,  with  the  stipulation  that  the 

same  ideal  functional  will  be  assigned  to  two  Cauchy  sequences 

if  and  only  if  they  are  equivalent.   Two  sequences,  -<f    (  and 

ifn\'  are  equivalent  if  Kl*n-f*|  ->Oasn->oo,   If  ft    I 

is  a  Cauchy  sequence  of  cylinder  functionals  to  which  there 
corresponds  an  ideal  functional  f  then  I(fn)  converges  to  a 
limit  which  we  call  the  integral  of  f ;  - 

1(f)  =  lim  I(fn). 
n— *•  co 

It  is  clear  that  1(f)  is  independent  of  the  particular  equircil  - 
ent  sequence  used  in  its  definition.   If  an  ideal  element  f 
corresponds  to  a  class  of  equivalent  Cauchy  sequences  among 
which  is  one  *  ft  for  which  f  =  f  for  a  certain  cylinder 
functional  f  and  each  n  =  1,2,,.,,  then  we  identify  f  with  f. 
Clearly  1(f)  =  1(f). 

We  have  thus  defined  the  Integral  of  ideal  functionals, 
which,  while  not  necessarily  themselves  cylinder  functionals, 
can-  be  approximated  in  the  mean,  i.e. -with  respect  to  the  norm 
I(l*|)*by  oylinder  functionals.  Let  us  consider  the  situation 
Involved  in  integrating  such  a  functional.  Take  a  sequence  y f  v 
of  approximating  cylinder  functionals  where  each  f  is  compat- 
ible with  the  projection  P_  generated  by  the  partition  P  . 
Let  Q^  be  the  common  refinement  of  vn,,.C/.  and  let  P^  bo  the 

corresponding  projection.  Then,  cutting  off  the  sequence 


I(f_)   at  tho  k-th  atep,  ono  has 

(*)    i(fn)  =  /Pk  (fn)j   (4r..4n)T  tovUv>     <n=1«"k> 

1/  k  k  v=i 


nk 
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where,  for  each  n,  the  integral  is  taken  with  respect  to  the 
same  projection  P.  •   In  general,  of  course,  n,  — *»  .,:>    as  k  —-*•  a\ 

In  order  to  remind  one  of  the  fact  that  the  integral  i(f )  has 
resulted  from  an  integral  of  the  form  (-"•)  we  adopt  the  notation, 


Kf)  =  ftl*}   T8<>r<is(<}(s)), 


where  s  is  a  continuous  index  varying  over  the  entire  base  spaoe 
Y   and,  for  each  s,  the  quantity  4(s)  is  an  independent  variable 
which  we  integrate  from  -co  to  +co  • 

Heuristically  one  might  imagine  that  "in  the  limit"  there 
would  be  a  "partition"  u  (giving^as  the  sum  of  an  infinite  num- 
ber of  primitive  sets  consisting  of  a  single  point  each)  gen- 
©rating  a  "projection"  P  with  respect  to  which  the  limiting  in- 
tegral  might  be  taken.  The  projection  P  is,  then,  to  be  regard- 
ed as  one  which  sends  a  function  4  into  the  set  of  its  values 

4(sK 

The  true  meaning  of  the  integral  does  not  lie  in  this 
heuristic  description  but  is,  of  course,  given  by  the  limiting 
procedure  with  approximating  cylinder  functionals  described  a- 
bove*  The  notation,  however,  is  suggestive  of  various  formal 
manipulations  which  we  shall  investigate  later  on. 

Before  raising  further  questions  I  shall  describe  a  special 
3et  of  measure  differentials,  the  Gaussian  measure  differentials, 
•hich  are  compatible  in  the  sense  explained  above; 


-4vA 


v*->v 


The  compatibility  is  well-known  and  easily  proved  -  I  shall  not 
present  such  a  proof  here.  In  the  following  I  shall  adept  this 
measure  unless  otherwise  stated.  Using  this  measure  we  shall 
employ  a  different  integration  notation.  In  the  form  shown  for 
the  integration  of  ideal  functionals  we  replace  ^  by  n(ds) 
and  d4v  by  64(s).  Altogether  we  write 
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Ur)  *  f  cU]W6°^tlahlds)  ffip   6<t(«) 


We  shall  go  a  step  further,  since 


-4vAv       -  2!v  *v  Av 


we  write  symbolically 
Kf) 


yraooiicaiiy 

=  ^fU]e-^*2(sMdsV8/Sf2  64(S). 


</f  ^(3)^ 


Employing  the  expression  J/   <)>  (s)ii(ds)  symbolically  is  not, 
of  course,  meant  to  imply  that  this  Integral  is  finite  for  the 
functions  5  4(')J  considered.   I  will  come  back  to  this  point 
when  we  shall  discuss  the  relationship  of  this  integral  to  the 
Wiener  integral. 

It  is  frequently  desirable  to  work  with  a  translation  invar1 
iant  integral^  i.e.  •  with  an  integral  J(*)#  defined  for  funct- 
ional F[«]/for  which  the  relation 

J(P)  =  J(TP) 

holds  where  T  is  an  operator  of  the  form 

TPt4J  «  PC4  +.40J 

for  any  arbitrary  fixed  function  $  .  The  integral  !(•)   does  not 
have  this  property  -  but  it  can  be  modified  to  a  translation  in- 
variant integral  in  an  obvious  way.  To  this  end  we  associate 
functional^  f  and  F  such  that 

.  /  *2(e)|i(ds)' 
Ff+J  *  r U)e       fi 

and  we  introduce  an  operator  T  such  that 

wt4)  -  oaf  [4  +  4>     v         ° 
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where         cQ  »  expf-  Jj  ^   (s)^i(ds)]. 

If  P  corresponds  to- Tf  a3  P  corresponds  to  f  It  Is  clear  that 

*/•  ■    v   ,   -  iff   4  (s)ti(ds) 

,i   j,  -<//    [<*(s)  +  40(s)J2ii(ds) 


«  F[<j>  +  40]  =  TP[<H   . 

If,  for  any  F,  we  now  define  J(F)  by  J(F)  =  I(f )  where  f  cor- 
responds as  above  to  P  then  the  integral  J(«)  Is  translation 
invariant,  i.e.  - 

J(P)  =  J(P)  . 
as  I(Tf )  «■  1(f). 

This  last  formula  Is  easily  shown  for  cylinder  functionals  f  - 
note  that  If  f  is  a  cylinder  functional  so  is  Tf  —  and  for 
non-cylinder  functionals  we  note  that,  obviously,  if  f  Is  In- 
te^rable  so  13  Tf  and  the  equality  of  the  integrals  holds  in  the 
limit  as  It  holds  for  each  approximating  cylinder  functional* 
We  shall  now  describe  functionals  f  or  classes  of  funct- 

^ —— i — — x— — —  ■  — — 

ionals  for  which  the  Integral  1(f)  exists.  The  simplest  such 
example  Is  given  by  the  quadratic  form, 

where  the  double  integral  is  taken  over  the  Cartesian  product 

of //with  itself.  This  functional  Is  compatible  with  a  partlt- 

Ion,(fV  if  b(st,s")  Is  constant  on  each  "rectangle"  fl   x  Jt 

v'   v" 
(vf,vn  =  1,2... n).   In  general  such  a  functional  f[o]  can  be 

approximated  by  cylinder  functionals  of  the  same  form  and, 
therefore,  the  prooedure  for  evaluating  the  integral  1(f)  is 
well-defined.   Instead  of  computing  1(f)  by  strictly  following 
the  definition,  we  shall  evaluate  it  by  a  formal  procedure  sug- 
gested by  the  notation,  computing  as  if  "^(ds)u  were  a  number 
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and  as  if  the  sign  A       stood  for  a  summation.  Tn  this  way  we 
find 

1(f)  ■■■"-'■ 

As  we  are  proceeding  on  a  purely  formal  basis  we  may,  without 

further  justification,  interchange  the  order  of  integration 

bringing  the  infinitely  iterated  integral  with  respect  to  the 

variables  ]  4(sn  inside  the  integration  with  respect  to  s«  and 

sM  and  at  the  same  time  bringing  the  term  bjs^s")  outside  the 

integral,  j  TT  ^4(s)>  with  respect  to  which  it  is  constant. 
Thus  we  get   8 

.    ■  00 

»li(^b(st,s'•}i(5»,sn)u(d8•)^l(ds,,) 


where 


l(s«>)  =  F4(8')4(8")Tre_,j2(s,,i(da,l/S|n  64(e). 

Let  us  note  here  the  three  identities; 

(1)        f  e~*  fa   -±—  dx  =  1  (  <T>  0), 


(2)  0   xe~*  W     -~~  dx  «  0,  and 

-co 


1 


(3)       ,?  xV**^  2  -i-  dx  =  (Tz    «r  >  0). 

0yn 
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Using  them  we  may  evaluate  l(s«#sh  )•  Let  n(ds)  =  <T   ,  Then 
we  have 

CO  o  o 

1(81.8-)    =  ■/    4(8t)lK8-)tLa^    (3)/<r       "-i-    64(8).- 

v  s  <JVtc 

We   consider   first  the   case:      s»    ^  s,:.    Here 

.  1(8«,8»>  =TT«,7S,    8„t    e"*    (s)/"""   -±-  0*(a)] 

[/<Ks<)e-<}?is')/<r2  _1_  «4(Bv)J. 

where  we  have  considered  "  i/  •  •  »TT«  •  •64(s)"  as  an  iterated  in- 
tegral and  have  separated  out  the  integrations  with  respect  to 
independent  variables.  We  note  that,  by  (1),  each  of  the  integ- 
rals forming  the  infinite  product  equals  one  and,  by  (2),  the 
Integrals  givinr  the  last  two  factors  both  vanish.   Hence 

i(st,sff)  =  0     for  s»  £   s". 
Ve  now  consider  the  remaining  case:  s1  =  s",  Mere 

iO",a«>  -  tt,|4bI!(/V*2(8,/0"2  -a-  d4(.)j. 

'  0/71 

.{/42(8«Je"*2(s,^<r2-i-d4ts>J]. 

Again  the  infinite  product  equals  one  but  now,  by  (3),  the 
second  factor  equals  tf~*  •  Kenco 
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Thus  we  find 

*<*>  «=J/f/1b(st,s")i(s«,s")li(dst)tA(ds") 


U         b(8t,8»)  *  JR^T  |l(dsi  )  ^(do") 


8»«8W 

and  hence  y? 

1(f)  «=/b(s,s)n(ds). 

V.'e  may  say  that  the  value  of  the  Integral  of  the  functional  is 
the  trace  of  the  integral  operator  with  the  kernel  b(si,s")« 
The  occurence  of  such  a  trace  Is  very  typical  for  evaluation  of 
the  Integral  of  polynomials  with  respect  to  Gaussian  measures. 
I  shall  discuss  this  in  mere  detail  later  on;  see  Chapter  VIII, 

In  a  similar  way  we  compute  the  integral  1(f)  for  the 
functional  /) 

From  the  identity 


.1 
^jb(s)<Ks)  yfds) 


/e(bx-x2)/cr  jl.  dx  =  eb2A<r2 

cr/5 

we  have,  again  letting  p.(ds)  =  <T       and  proceeding  as  before, 

- 17  t/etb(8,<>(s,"*2<8)V<r2  -±-  64(a)] 

8  ^/k 

B^eJb2(8)u(ds)ae^lb2(8Mds) 

i/b2(s)u.(ds) 
1(f)  «=  e* 

Other  examples  of  functional*  which  can  be  integrated  ex- 
plicitly will  be  given  later  on» 

A  rigorous  derivation  of  these  and  other  evaluations  will 
be  given  in  Appendices  I,  II,  and  III* 


x-u 


The  question  arises  naturally  whether  the  Integral  I(«) 
Induces  a  measure  in  the  space  of  functions  f<j>  £,   T^iat  is  in- 
deed the  case  for  certain  sets  of  functions  £<j>| .   For  example, 
the  measure  of  the  set  of  those  functions  4  such  that 


H</ 


b(s)4(s)u-(ds)  <  X 


2 


is  well-defined  and  can  easily  be  computed.  For  the  evaluation 
ftf  this  measure  see  Appendix  I. 

Another  question  which  arises  is  whether  or  not  it  would 
have  been  possible  to  introduce  this  measure  first  and  base  the 
notion  of  integral  on  it.  That  can  indeed  be  done  provided  the 
measure  is  totally  additive,  i.e.,  if  the  measure  of  the  sum  of 
infinitely  many  disjoint  sets  is  the  sum  of  the  measures  of  the 
sets*  The  Wiener  integral  results  from  such  an  approach. 

Whether  or  not  the  measure  as  described  is  totally  addit- 
ive depends  on  the  manifold  of  functions  adopted.   In  a  way, 
it  is  very  strange  that  up  to  now  we  have  not  been  forced  to 
specify  this  manifold  except  for  the  requirement  that  it  in- 
clude all  piecewise  constant  functions  and  that  all  the  funct- 
ions in  it  be  squ&re-integrable. 

Unless  the  manifold  of  functions  £<!>(•  )j  Is  very  Bp9Cially 
chosen  the  measure  will  not  be  totally  additive.  For  example 
the  measure  is  not  totally  additive  if  the  space  of  functions 
|  4l  is  taken  to  be  the  Hilbert  space  of  those  functions  4  for 
which 

4  (s)ds  <  oo • 
-co 
On  the  other  hand,  one  may  introduce  the  functions  ^(© ) 
defined  by  the  relation 


/ 


Jfls)  =f   4<st)dst   (0  <  s  <  s0) 


where  we  have  taken  the  ordinary  Lebesgue  measure  differential 
ds  for  ^i(ds)  and  have  taken^  =  t°#s0^  for  some  s0  >  0# 
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Furthermore,   suppose  we  extend  the  space  of   functions ///to   in- 
clude all  continuous  functions*     Then  the  measure   induced  by 
I(»)  on  the   sets  of  those  functions^such  that,   for  given 
Xn,Xp  and  s, 

Xx  <  %  (s)  <  X2 

is  totally  additive.   This  remarkable  fact  is  part  of  Wiener's 
theory  of  integration.   In  fact,  the  integral  1(f)  just  becomes 
the  Wiener  integral  if  it  is  expressed  in  terms  of  &  instead  of 
4  and  if  the  manifold  of  functions  J#i3  taken  to  consist  just  of 
the  continuous  functions. 

In  order  to  express  the  integral  1(f)  in  terms  of  the 
Wiener  integral  L,  we  introduce  the  functional  h  defined  by  the 
relation 

•  . 

h[XC)]  =  h(^0  4(s«)ds»]  -  f[<K-)l. 

Then  1(f)  i3  ^iven  in  terms  of  the  Wiener  integral  by 

1(f)  «  tyh). 

Prom  our  formal  expression  for  1(f)  we  may  derive  a  formal  ex- 
pression for  L.(h),  To  this  end  ve  note  that  we  may  write  sym- 
bolically 

*>£(*)   =  6<f(s)  ds   (s/0) 

and  hence  o 

Accordingly  we  may  write 

Just  as  Wiener  integral,  the  closely  related  integrals  of 
Lessen  and  Kolmogoroff ,  which  we  shall  discuss  later,  have  this 
property  of  total  additivity. 


*  C#f«  Chapters  IX  and  X, 
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The  integrals  of  Wiener,  Kolmo^oroff  and  others  were  de- 
veloped in  connection  with  problems  in  probability,   Tn  this 
field  total  additivity  is  essential.   In  other  connections,  how- 
ever, other  properties  may  be  more  important  than  total  addit- 
ivity.  In  setting  up  a  definition  of  an  integral  having  these 
other  properties  it  may  be  necessary  to  sacrifice  total 
additivity. 

I  shall  discuss  one  such  other  property  which  is  important 
in  connection  with  problems  in  the  quantum  theory  of  fields. 

The  functions  4  way  be  considered  as  representatives  of 
elements-  J  in  a  linear  space.   These  elements  may  just  as  well 
be  given  another  representation,  such  as  one  in  terms  of  func- 
tions ty,  where  4  ana*  iff  are  connected  by  a  linear  transformation 
h9     That  is,  4 '.'—   Lty.   This  transformation  may,  for  example,  be 
a  generalized  Fourier  transformation, 


4(8)  -P 


e"stV(t)n*(dt) 


involving  a  measure  differential  \t    (dt). 

We  want  to  make  the  assumption  that  the  relation 

tf/42(s)n(ds)  «X«0»a!(i}|i*(dtJ 

holds  for  all  pairs  of  functions,  4  and  ^,  connected  by  <$  =   Li|r 
and  belonging,  respectively,  to  appropriate  base  spaces, >/  and 
$f   •  In  the  present  context  it  would  be  an  undue  restriction 
to  insist  on  a  linear  measure,  \i   (dt)  =  cdt.   In  particular, 
one  must  admit  discrete  measures.  This  is  necessary  if  for  ex- 
ample the  functions  4  and  \[r  are  related  by  a  Fourier  series 
transformation. 

In  the  same  way  in  which  we  have  defined  the  integral  . 

I(f)  =  *»(£)  of  functionals  f[c}]#  wo  may  define  the 'integral 
I  ft(g)  of  functionals  g(#)# 

To  a  functional  ft*/  one  may,  in  particular,  assign  the 
functional  g[#]  defined  by 


gf*)  *  f[Li|/h 

Then  one  naturally  expects  that  the  integrals  of  these  funct- 
ionals  are  equal.   I.e.,  one  expects  that 

1^(6)  e  I^tf ). 

We  shall  say  that  this  identity  expresses  the  rotational  invfcr- 
lance  of  the  integral  I(»).   It  is  one  of  the  objectives  of 
these  lectures  to  show  that  this  rotational  invariance  obtains 
provided  it  is  properly  formulated. 

The  difficulty  of  for*nulating  this  statement  results  mainly 
from  the  difficulty  in  giving  a  precise  meaning  to  the  relation 
BM   =  f[Lty].   Suppose  the  functional  f  [•]  is  compatible  with 
respect  to  projections  associated  with  partitions  of  the  s-axis 
-  then  the  functional  g(ty)  =  f  (LijO  will  not,  in  general,  be 
compatible  with  respect  to  partitions  of  the  t-axis.   It  will 
be  necessary  to  define  it  as  an  ideal  element  associated  with 
a  sequence  of  functiouals  of  ty   which  are  compatible  with  par- 
titions of  the  t-axis. 

This  difficulty  can  be  overcome.  About  five  years  ago  I 
had  described  a  way  in  which  the  invariance  theorem  can  be 
proved.  In  this  proof  a  detour  via  expansion  of  functionals  in 
a  series  of  Kermite  polynomials  was  employed*  To  be  sure,  this 
approach  is  not  quite  satisfactory. 

In  these  considerations  the  linear  space  of  elements  jf  , 
represented  alternatively  by  4  or  y   (functions  on  /and  j     res- 
pectively), is  assumed  to  be  a  Hilbert  space*  As  a  consequence 
the  total  additivity  of  the  measures  is  lost.   It  may  turn  out 
that  the  restriction  to  Kilbert  spaces  can  be  eliminated.  Here 
is   an.  open  question  which  should,  and  probably  can,  be  ans- 
wered. 

A  more  satisfactory  approach  Co  the  problem  of  rotational 
invariance  has  been  developed  recently  by  H.N* Shapiro  and  my- 
self and  ft  related  approach  (for  which  see  Chapters  VI  and  VII) 
has  been  developed  by  J.  Schwartz. 

**  As  will  be  shown  in  Chapter  XII,  the  total  additivity  oan  in 
fact  be  retrieved  by  enlarging  the  Hilbert  space  in  a  proper 
manner • 


I  should  liko  to  mention  a  simple  problem  which  can  be 
solved  once  the  rotation  invar iuncc  of  the  integration  of  func- 
tionals  is  established.   Suppose  one  wants  to  evaluate  the  in- 
tegral 

>jw  ex?.  [iu)  -J!  ^u^ia^j r\eMnn  6<}(s) 

where 

QC41    ■i/l7    b(st,s»)4(s')c}(s,,)M'(ds»)^(ds«) 


"// 


is  the  general  quadratic  polynomial  functional  on  functions  on 
ft  9  Then  the  following  procedure  suggests  itself:  one  intro- 
duces functions  ty  by  a  linear  orthogonal  transformation  (J>  =  Lty 
such  that  the  exponent  Q[*]  assumes  diagonal  form: 

QUI  =  Q[L*1  =  A,k(tH2(t)y*(dt) 

or,  if  the.  space  j  ty>  may  be  taken  as  a  sequence  space, 

* =  bi*v  -  -  •  j » 

QC4J  .-  a  J£  Vn  » 

while  at  the  same  time 

II 411  =  11*11 


©r 


f/,  ^(3)n(ds)  «aj:n  ** 


The  transformation  L  then  furnishes  a  rotation  of  the  coordinate 
system  to  the  principal  axes  of  the  quadratic  form  Q.   By  the 
rotation  invariance  of  the  integral  one  obtains 

,co  -  a«T  (l"knHn 


i,co  -  *2-  ^-Kn'vn      *- 

1  -  J     •   n        TT *  /I  d*n  • 


*-*.y 


This  integral  can  be  evaluated  directly.   Its  value  is  simply 


TT„U-V 


1 

2 


-\  T  ioe  (i-fcj,) 

e    n 


assuming  that  the  series  in  the  exponent  converges  absolutely. 
For  a  rigorous  derivation  of  this  formula  see  Appendix  III. 

Such  evaluations  play  a  considerable  role  in  the  theory 
of  Brownian  motion  and  related  problems  of  statistical  mech- 
anics* 

It  should  be  mentioned  -  that,  in  addition  to  the  Caussian. 
measures,  there  exist  other  compatible  measure  differentials  dm. 
Such  measures  have  been  proposed  and  investigated  in  the  theory 
of  probability. 

As  a  somewhat  freakish  example  we  may  give  one  of  them  by 
writing  down  the  natural  symbolic  expression  for  the  associated 
integral  - 

Kf)  -T'WJ  n  (ayj£j  ♦(.)«■■*>.-**<•>«■  64(s) 

» 

where  it  is  assumed  that  4(s)  >  0. 

We  mention  in  somewhat  greater  detail  another,  more  reas- 
onable, possibility  -  the  differentials  dm  (<J)  connected  with 
the  Poisson  distribution  in  place  of  the  Gaussian  distribution. 

.We  denote  the  independent  functions  by  n(s)  rather  than 
4(s)«  They  are,  in  this  case,  supposed  to  be  non-negative  and 
integer-valued.  We  make  no  assumptions  of  integrability  with 
respect  to  any  measure  du-(s)  and  must  accordingly  employ  a  form 
of  projection  other  than  that  in  the  foregoing. 

We  assume  that,  in  any  bounded  interval j.  9     the  function 

n(s)  vanishes  at  all  but  a  finite  number  of  points.  Then  the 
projections  to  be  used  are  constructed  as  follows: 

Let  \b   J  (v=0,  ...r)  be  a  finite  set  of  real  numbers  with 

8V-1<  8V  and  let^v  s  fflv-l«flv^  Por  v=1'*,,r  choose  a  Point 
cv  *n  i)v«  Then  define  a  projection  P  by 


*  and  indeed,  the  matter  will  be  covered  at  somewhat  greater 
length  in  a  later  chapter. 


fPn](a«)  e   ^T  n(fl)  «  n   (if  st  B  oll,v»lf#.,r) 

v 


(otherwise). 

This  is  a^ain  a  function  of  the  same  type  as  n(s)  and,  clearly, 
if  P«  corresponds  to  a  refinement  of  the  partition  giving  rise 
to  P  as  above,  then  PP«n  =  Pn, 

With  the  aid  of  a  measure  differential  u.(ds)  ue  intro- 
duce differentials  dm  (z)  determined  by  the  relation 

.ft  ■  OD        A     -A 

which  is  to  hold  for  arbitrary  functions  where 

^(ds)» 


v 


A,'-i/j 


4 

We  then  define  the  differentials  dmo(n(s))  by 

s 

dmg(n(s))  =  dmv(ny)t 

It  is  easily  verified  that  these  differentials  {dm  }  satisfy 
the  compatibility  condition  introduced  earlier  in  this  chapter* 
Tjuploylng  these  \&aar  we  define  the  integral  of  a  cylinder 
functional  ffn]  =  ffPnJ  as 

„,^    °L     ^  (^  )    «/\ 

«')  -j^  •••  ZI  V«i»-"V  ^  TI e 

nT^O    n~=0  p         v=l    v 

i      r 

Let  f[e]  be  the  ideal  functional  associated  with  the  Cauchy 
sequence  of  cylinder  functionals  f,[»]#  For  the  limit  as  . 
j   — *.co  of  the  expression  for  I(f  J)   we  then  employ  the  symbol 
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In  c&aej \i(da)  <   oo  the  factor  e  «  MAds;  n&y  be  ^Q^en  ou^# 
In  this  case  the  functional, 


/> 


f  fnj  *= 

1 

.0 

n(s)  s  0 
otherwise 

Is  integrable. 

Evidently 

)  = 

e" 

i/V(ds) 

• 

In  caset/u-(ds)  =  oo  we  have  I(fQ)  =  0;  i.e.,  f  is  equiv- 
alent to  the  functional  identically  zero. 

It  is  interesting  to  note  that  an  integral 


x'W-szfMTr    ld±]r(9)  • 

n(s)  s  n{3)l 

could  also  be  defined  by  a  procedure  deviating  slightly  from 
that  so  far  described*  V/ith  respect  to  this  new  integral  we 
always  have 

I«(f0)  =x 

independently  of  the  character  of/y(ds). 

These  facts  are  significant  in  the  quantum  theory  of  fields 
where  f  may.be  interpreted  as  the  probability  amplitude  for  the 
vacuum  state* 
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Appendix  I 

In  this  appendix  we  shall  establish,  by  formal  man- 
ipulation, a  formula  for  the  integral  of  a  function  of  a  linear 
functional.  Using  this  formula  we  will  be  able  to  evaluate  the 
measures  of  certain  sets  as  the  integrals  of  their  character- 
istic functionals. 

Let  f[^]  =  h(L[<l>])  where 


hU)   =/b(s)4(s)ti(ds)t 


/--A2 


Let  X  -J  b  (s)ji(ds)-#  We  shall  show  that 

poo     2 

(1)  1(f)  =  -^—    /    e"y  'I    h(y)dy. 

]/£^     U   co 


Let  us  write  down  the  Fourier  integral  identity  for  h, 
(2)  h(x)  =^/^ei(x-y)2h(y)dydz, 

and  introduce  the  family  of  functionals 

whose  integrals,  by  the  evaluation  on  page  13  of  the  text,  are 

1  n* 

--n  I  z 
1(6.)  s  e    .  • 

Putting  x  =  L[<|>]    in    (2)  we  get 

ffj]   =  h(x)  «A-//ol8Xe"iyz  h(y)dydz 


=  ^iTgj4)e~iyzh(y)dyd2, 


In  view  of  the  linearity  of  !(•)  we  have,  therefore, 
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(f>  -  ^//l(82)e"iyzh(y)dydz 


f/l  -t£/z?-iyzJ 
Jl/e     *  h(y)dyd: 


St 

=  i/Vy2/^     h(y)dy 
j/it  il 

which  is  formula  ( 1 )  • 

Consider,  now,  the  set  S  of  those  functions  <J>  for  which 


X,  <  J  b(s)(|>(s)  n(dc)  <  X, 


The  msasure  of  S  may  be  regarded  as  the  integral  of  its  char- 
acteristic function  which  is 

fyv  =  I  1    $ts    i*6*  for  xi  <  Lrti  <  x2 

0       <JeS       i.e.   for  X,   >  L[4l   or  L[|]  >   X«  . 
This  description  may  be  written  as  Jj?Q[<$]   =  h(L[c|>])  where 


h(x)  * 


X,   <  x  <  Xp 


X,   >  x    or     x  >  X2 


The  integral  of  3fQ(4)  —  which  is  the  measure  of  S  —  may  then 

5 

be  evaluated  by  the  formula  (1).  Thus  we  obtain 

«■*.)  =  -L=   f    <T*fi  h(x)dx  =  -^  /  *  e^dx 
S        •F^   "-co  l/X1       xl 

and  so  Xp        p 

meas.   [3}  ■  —^   ,/      e"x  '*>    dx. 

This  result  may  be  expressed  in  terms  of  the  standard  error  fun- 
ction 
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as 


*[«] 


i/tT"   il  o 


dx 


raeas.  [s]   «  ty 


? 


-  * 


*1 


Appendix   II 

In  the  text  we  evaluated  —    formally  —    the  respective 
integrals  of  the  functional 


where 


ttt)   =  (Lt4])2  and  g[43  =  eL[(J] 

L[41  =J  b(s)4(s)ds  for  some  b(«)  e/->p# 


In  this  appendix  we  wish  to  demonstrate  the  very  existence 
of  these  integrals •  We  must  show,  then, that  f  and  g  may  be 
represented  as  the  limit  of  sequences  of  cylinder  functionals 
Cauchy  convergent  in  the  metric  induced  by  our  integral. 

As  we  have  assumed  b  to  be  in  Lp   we  may  find  a  sequence 
4 b  J» of  piecewise  constant  functions  approximating  b  in  the  A-2 
sense  so  that 


Hence 


|by(s)  -  b(s)|2ds  ->0 


as  v 


oo 


|by(s)  -  b  (s)|2ds  — >0  as  v,u- 


00 


It  follows  that 


J  |b2  (s)ds  — >  j/b2(s)ds   as  v-»oo 
and,  therefore,  that  there  is  a  constant  C  >  0  such  that 

(2)  |/b2(s)ds<C    (V  =  1,2,...). 

We  define  the  linear  functionals  |LyJ  by 

V*J  =  (/Vs)(^s,dc     (v=l,2...). 
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These  functionale  -  f.nd,of  course,  r11  functions  of  them  -  are 
cylinder  functional s. 

Let  us  consider  first  the  cas3  of  f[43  =  L  [o].  We  shall 
set 


fvM  -  Ly[c*] 


and  show  that 


(♦)       -  i(|rv  -  r  |)  -»o      asv,ii->co. 

Once  this  has  been  done  it  follows  that  there  is  an  ideal  func- 
tional ft*]  corresponding  to  the  "limit"  of  the  sequence  f  [•]. 
As  it  is  well  known,  relation  (+)  implies,  for  almost  all  func- 
tions <f# 

*vl4l  — >ff4l       as  v  — >  go  • 

The  last  relation  justifies  the  identification  of  f  with  f  and 
Of  1(f)  with  1(f),  and  thus  proves  the  lntegrability  of  f.  The 
evaluation  of  1(f)  follows  by  noting  that  for  the  cylinder  func- 
tional f  t   the  formal  manipulations  in  the  text  are  justifiable 
Operations  for  finite  dimensional  integration;  hence 

Xt*v>  -  /b$  (fl)ds  and 

*  1(f)  *  lia^Kfy)  *  liwy/b^sjds  =/b2(s)ds 

that  is 

1(f)  =/b2(s)ds. 

It  only  remains  to  show  that 

I(|fv  -  t\)  <- ->0  aa  v9|&    — >oo» 

Ve  shall  use  the  inequality 
(*)  |a2-b2|  <  a(a2+b2)  ♦  2a"x(a-b)2   for  0  <  a  <  2 

* 

Vhioh  is  valid  for  any  a  and  b. 
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Pot  any  given  e  >  0  let  U3   take  a  =  e/3C,   where  C   is  the 
constant  appearing  in   (2),     We  assume   e  to  be  so  small  that 
a<  2»     By  (1)   there   is  an  N  such  that,  for  n,m  >  N, 

(3)  (Abn(s)  "  bmfs'l2ds  <\a2C 

Then,   for  any  $9   we  substitute 

a  =  hU]   and  b  =  L[$] 
n  in 

into   {#)  getting,   for  each  (|>, 

KMJ-lLMJl   =    \l>l  -  L«l    <  aL?  +  aL2  +  2a"X(L  -L)2 
n  ^       m  T    •        '  n         nr  —       n    .       m  n    w 

and  hence 

2   2  2 

As  L  ,  L  and  (kn~Lm)  are  cylinder  functional s,  we  can  already 

evaluate  their  integrals  -  I(f j/a(s)4(s)ds]  )  =  /a  (s)ds  —  and 
JMfn",fm')  ^  ayb2(s)ds+ay7b2(s)ds+2a-1/|bn(s).bm(s)|2ds 

<  2aC  +2a"1«  2j  a2C  =  3Ca  =  e 
Thus  we  have  shown  that 

I(f^  -  fj)  — >  0   as  v,n— >co   . 

Next  we  consider  the   case  of  g[43   =  ©         •     We  let  g%1  =  e 

^  v 

and  make  use  of  the  inequality 

(**)    |ea-eb|  <  a(e2a+e2b)  +  l^la-bl2  for  a  >  0, 

valid  for  any  a  and  b#to  show  that 

I(6V  -  6^D  *->    0     as  v,n  — >co    • 


The  integrabillty  c'  g  and  the  evaluation  of  1(g)  follow  by  the 
same  arguments  that  were  used  In  the  discussion  of  f • 

Lot  D  =  e    •  Then,  from  (2),  we  get 

|  )  b2  (s)ds 
(2t)  e2  J  v        <D  , 

For  any   e  >  0     let   a  =  e/3D#     By   (1)   there   is  an  N'>  0  such  that, 
for  all  n,m  >  N*, 

O')  .       ||bn(s)   -  bra(s)|2ds  <j     a^), 

For  any  if  we   substitute 

a  =  Ln[<j>]   and  b  =  Lj.^] 

into   (#*)  getting  for  each  $ 


and 


2\ 


-lw,   „  x2 


Klgn-eJ)  <  al(e  n)  +  fccT1!^-  Lmf)  , 


1^        L 
Again  we  note  that  we  oan  already  evaluate  I(e   )  and  I(e   ) 

slnoe  L  and  Lm  are  oylinder  functicnals  —  in  fact, 

I(e /•(•)#(»)«■,..  ,i  Ja2<s>da 

and,   therefore,  using   (2»)  and   (3f)   , 

9  W«<s)<*s         ?  fb«(s)ds         ,    ,«  . 

^tSn-eJ)^     *°*J    n  +ae2'    m  ^cT1  J  |bn(8)~V8 )  |2ds 

<  2oD  +  Ua       t  r-  crD  =  3Da  =  e   , 


Henoe, 


X(|gn  *  6ro! )  — **  0        as  n,m  — >  oo    . 
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Thus  the  proof  of  the   intestability  of  g  is   concluded.     As  be1 
fore,    in  the   case  of  f,   we   conclude 


lira  1(g)  =  lira 

n—>  co  n 


and  hence 

Kg) 


J  J    b^(S)dsj 
j|/b2(s)dsj 


Appendix  III 

Let  J^  be  a  Hilbert  space  of  elements,  <(>, ^•••,  with  the  in- 
£Mr  product  devoted  by  (<|,\|r)«  Let  K  be  a  completely  continuous 
operator  acting  on  the  elements  4  of  \*     Denote  the  eigen-values 
af  K  by  *ft  +  /r  j  •  We  index  these  eigenvalues  so  that  positive 
eigenvalue  s""~correspond  to  positive  indices  and  negative  eigen- 
values to  negative  indices; each  eigenvalue  being  repeated  as 
often  as  necessary  to  match  its  multiplicity.  We  write 

"2?1  for  "5""  where  n  (0  <  n  <  gd)  is  the  number  of  positive 
«r      ^l  - 

eigenvalues  with  their  respective  multiplicities  and  similarly 

for  5"  • 

We  introduce  the  positive  and  negative  traces  of  K  — 

TrK+  *  *T  K^   and  TrK_  ■  T     K-(r  , 

and  require  that  these  each  be  finite  — 

OrK+  <  ©  and  T^Km  <  co      • 

The  trace  of  K  is  then  given  by  their  sum  — 

TrK  «  TrK+  +  TrK_  . 

The  difference  of  the  positive  and  traces  will  be  called  the 
"absolute  trace"  — 

Tr|K|  «  TrK+  -  TrK., 
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Wo  as  lime  further  that  the  eigenvalues  have  a  bound  less  than  1, 


v*fc 


<  1  . 


These  Assumptions  being  made  an  operator  log(I-K)  can  be  de- 
fined. It  is  well  known  that  this  operator  also  possesses  fin- 
ite positive  and  negative  traces  and 

(*)  Trtlog(I-K)).  =  X  log(l-K+/7J 

and  that  the  right  hand  side  of  (*)  converges  absolutely. 

We  want  to  prove  the 
Theorem:  Under  the  assumptions  on  K  made  above  the  functional 

is  integrable  and 

I(f )  «  e*Trtlos(I"E)1 

We  shall  first  prove  the 

Lemma:  Let  {Pn^  be  any  sequence  of  projections,  each  with  fin- 
ite dimensional  range,  which  strongly  approach  the  identity* 
I.e.,  for  all  4  G-fj,  # 


P  $  — >  4     as   n  — >   co 

Then,  as  n  — >  oo  , 

Trllog(I-K(n))]  >    Tr[loc(I-K)] 

where  the  operator  K*n'  is  defined  by 

K(n)  c  p^Kp^  # 
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Proof  of  the  Lem^ia;  From  the  maximum  property  of  eigenvalues 
(see  Courant-Kilbert,  Volume  I)  it  follows  that 

(a)      0  <  ft**}   <  K  and  0  >  ){  (n)  >  if 

where  the ?)f  *n 'fare  the  eigenvalues  of  PnKPn  indexed  to  corres 

pond  to  the  ^f+fi^^  ♦ 

Also,  vie  state  the  relation 

though  we  shall  not  prove  it  here. 

It  follows  from  the  absolute  convergence  of  the  sums  on 
the  ri/rht  in  (.#)  that,  for  any  e  >  0,  we  can  find  a  £  =  £(e) 
such  that 

o  <Z     i°s  d-?T+<H  <  *A 
<r>K 


and 


?<Z     ^tt'^f)  <  «A 


Then  we  have,  for  each  n 


(c)         o<2I    log  (i-^^)  -z    log  a-riri  <  t/k 


and  also 


(«« )   •       o  <  x     loe  <M-cr  >  -  E     log  (i-  H[n£)<  cA 

Further,  by  (b),  we  may  choose  N  =  N(e,£)  so  that,  for  every 
n  >  N, 

(d)      o  <  T      log  (1-/V  %))   -  T;   log  (i-  V)  <  eA 

and  also 

(d«)    o<5;  ioE  (i- tf-  )  -  X  log  d-K1!^)  <  eA. 
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Adding  (c)  and  (d)  we  got 

P  <  Z  log  (l-/f  (£>)  -  2;  log  (1-  K(r)<  e/2 


0  <  Tr[log(I-K(n))]+  -  Tr[log(I-K)]+<  e/2. 

Similarly  we  obtain 
(e»)      0  <  Trflog  (I-K(n))]_  -  Tr[log(I-K)]iB<  e/2. 

Relations  (e)  and  (e»  )  evidently  yield  the  statement  of  the 
Lemma  • 

Having  this  we  go  on  to  the 
Proof  of  the  Theorem: 

fell  I    ■  ■■   W.«i  ,i  ■'■■!      n  mw«iir'    ■,!<■  i.J*  1  Mt     wm   L  n 

W*  wish  to  show  that  1(f)  exists  and 

1(f)  =  e^110^1"^1 

We  consider  the  approximating  cylinder  functionals  f 

n 

given  by 

fn(4)  -  f(Pn4)  =  e{*J>KPJ>   =  d(4.*a»n4)  . 

Clearly 

as  may  be  observed  by  evaluation-  of  the.  integral  which  is  here 
finite.   It  follows  from  the  Lemma  (see  the  second  part  of 
Appendix  I)  that 

I(  |fn  -  f  I )  — >  0  as  n,m  — >  00  . 

We  are,  therefore,  permitted  to  identify  f  with  the  ideal  func- 
tional lira  fn  getting  1(f)  =  e-Tr[log(I-K)]  ftQ  tho  llwlt  Qf 

I(fn)  ^y  tn©  Lemma. 
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Chapter  II 

Remarks  on  the  Quantum  Theory  of  Fields 

I  should  like  to  make  some  remarks  about  the  role  of  the 
integration  of  functionals  in  Quantum  Theory. 

In  the  quantum  theory  of  particles  the  "state"  of  a  system 
is  described  by  a  "wave  function",  i.e.,  a  function  F((L...)  of 
the  possible  values  of  a  complete  set  of  commuting  "observables" 
(4l,  which  for  example  in  the  case  of  a  single  particle, 
might  be  the  three  coordinates  of  position*   In  the  quantum 
theory  of  fields  a  function  of  infinitely  many  commuting  obser- 
vables is  needed  for  a  complete  description  of  the  state  of  the 
field*  One  might  take  as  a  set  of  observables  the  values  of  a 
potential  4  at  all  points  x  (=lx*  ,Xp,x^J  )  of  space  in  which 

case  a  wave  function  would  be  a  function  of  all  these  values 
4(x)|  in  other  words,  a  wave  function  would  then  be  a  function- 
al F(43  of  the  function   4(x)* 

In  the  quantum  theory  of  particles  one  introduces  the  con- 
cept of  the  probability  Pr(^5  )  that  measurement  of  the  obser- 
vables yields  values  belonging  to  the  set*0.  For  a  single  par- 
ticle /$  would  be  a  set  of  ordered  triples  (i,e«  a  point-set  in 
3-space)  and  Pr(^5)  would  be-  the  probability  that  the  position, 
4  "e  fcL^p*^  ?  »  °^  k*16  particle  lies  in  the  point-set  tO  • 

This  probability  is  given  by  the  integral, 

Where  F  =  F(4i#4p#4^)  *s  ^ne  wave  function  associated  with  ob- 
servation of  position. 

In  field  quantum  theory  also  one  should  be  able  to  intro- 
duce the  probability,  ?v(j!  ),  that  measurement  of  the  set  of 
values  4(x)  of  the  potential  4  &t  each  point,  x  =  fxi#x?*x3}  ' 

in  space  yields  a  function  4(*)  which  belongs  to  a  certain  set 
/of  such  functions.  Naturally  one  expects  that  Pr(/ )  is  given 
here  by  an  analogous  "integral"  of  the  square  of  (the  absolute 
value  of)  the  wave  functional  F[4l  associated  with  observation 
of  potential o 


j?a 
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The  question  arises;  how  to  define  such  an  integral? 

In  describing  the  proper  form  of  this  integral  we  shall 
assume  that  the  integration  is  extended  over  the  whole  manifold 
of  potential  functions  {4j  •  This   is  not  really  restrictive  as, 
for  any  set  /*   of  an  appropriate  type,  integration  over  j&  may  be 
defined  by  replacing  the  functional  P  by  a  functional  F  /  equal 
to  F  on  9&  and  vani shins  elsewhere* 

The  kind  of  integral  needed  to  express  these  probabilities 
depends  on  the  kind  of  field  to  be  investigated.  Let  us  assume 
that  the  field  is  "free"  (i.e#,  not  under  the  influence  of  ex- 
ternal charges)  and,  further,  that  it  is  in  a  "vacuum  state". 
This  is  the  state  in  which  the  energy  assumes  its  lowest  value. 
For  reasons  which  we  shall  give  later  such  a  vacuum  state  is 
characterized  by  the  wave  functional, 


,'■*     ^jU/tY^Un^p^.Jl^dx^Xpdx. 


-  cF  U] 


o 


where  y  is  the  operator  such  that,  for  all  4>  Y  4  s  -  /\  4 

A^k        r)^&  r)^A 

(A  is  the  Laplacian  operator  ;   A.4  =  Srr^  +  -^— ^  +  hL   2-  ) 

a*2       0*2         V*-\ 

and  c  is  a  normalizing  constant  so  chosen  that  the  integral  of 

|F(4l I   -  in  the  sense  to  be  defined  -  has  the  value  1* 

It  is  convenient  to  consider  and  introduce,  instead  of 
F[4l  the  functional  f[cf]  by  the  formula 

Pf4l  -  e  *  ■        f[jj  «f[4]p0[4J  # 

Then  the  integral  in  question  is  given  by  the  expression, 

which  differs  from  the  integral  which  we  have  discussed  earlier 
in  that  y4(x)  take s  the  place  of  4(*)« 
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Note  that  the  vtcuiri  stcte  is  now  described  by 

X(<H  =  const.  =  c  . 

Note,  also  that  the  completion  of  the  manifold  of  functional3 
f  for  which  I  (|f  |  )  <  co  forms  a  Hilbert  space,  fc9   with  a 

scalar  product  induced  by  the  norm,  ||f  ||  =  [I  ((fl2)]1'2. 

The  fact  that  the  integral  I  is  written  in  terms  .-/C  y^  *n~ 

stead  of  4  is  not  quite  satisfactory.  One  should  rsdlly  like  to 
write  the  integral  as  an  integral  over  the  space  jf  functions  4 
rather  than  y4»  I*  *s  true  that  the  Jacobian  o*  the  transfor- 
mation y  is  infinite  -  as  is  easily  verified.  Still,  it  might 
be  possible. to  write  this  determinant  -  symbolically  -  in  the 
form  TT,J(x,dx),  and  to  find  differentials,  essentially  given  by 


»Ca<Kx)j  «  j(x,dx)  /If  64(X), 


which  would  be  compatible  with  partitions. 

A  more  'satisfactory  form  of  the  integral  is  obtained 
through  tfie.  use  of  the  Fourier  transformation  on  the  potential 
functions.  For  this  the  rotational  invar ianco  of  the  integral 
I(*)  is  necessary*  Although  this  could  be  done  we  shall  not  des- 
cribe this  transformation. 

The  wave  functions,  F [4]  =  f[4]F0C4]  that  characterize  pos- 
sible states  of  the  field  are  those  in  J^  i.e.  those  for  which 
I  (|f|  )  <  flew  Among  these  states,  one  of  particular  interest  is 

that  which  would  be  the  vacuum  state  if  electric  charges  were 
distributed  over  the  field.  Let  <f  =  4(x)  be  the  Coulomb  poten- 
tial which  would  result  from  such  charges.  The  theory  then 
yields,  that  the  wave  function  of  the  "modified  vacuum  state"  is 
given  by 

</[Y4(x)][Y!(x)]dx 


f (4J  «  cf(4) 


e  ce 


II-* 


where  the  value  of  the  normalizing  constant  c  is  determined 
from  the  condition  J  (|f|  )  =  1«  With  the  aid  of  an  evaluation 
given  before  (see  p,I-i;J  we  find 

Iy(|f I2)  =  |o|2e2  fwith  r  =  |  IyJ(x)J2  dx 
and  hence 

|C|  =6-^ 

provided  the  integral  p  is  finite. 

Whether  or  not  P  is  finite  depends  on  the  distribution  of 
the  charges.  It  is  easily  seen  that  p  is  infinite  if  the  tot- 
al charge  -  the  integral  of  the  charge  density  over  all  space  - 
does  not  vanish,  We  then  speak  of  non-balancing  charges.  Since 
this  condition  is  equivalent  to  the  non-vanishing  of  the  Fourier 
transform  of  the  potential  c|>  for  the  frequency  zero,  one  speaks 
of  an  "infra-red  catastropheli  if  the  charges  do  not  balance. 

A  striking  feature  of  such  a  catastrophe  is  this:  If  the 
field  could  be  in  a  vacuum  state  in  the  absence  of  charges  it 
cannot  be  in  a  vacuum  state  in  the  presence  of  non-balancing 
charges  and  vice  versa. 

It  is  a  remarkable  fact  that  an  integral  -  of  course,  dif- 

ferent  form  I  (|f|  )  can  be  introduced  with  respect  to  which 

7  a  p 
the  functional  |f  |   is  integrable  -  no  matter  whether  or  not 

it  is  catastrophic. 

One  need  only  take 


lt)  .  J  ||IiI  2  e-/W>  "  4(x)]2dx  ^y^  M(xK 


*         1/  |*U) 

This  expression  for  an  integral  may  be  given  meaning  in  the 
same  way  as  I(|f|  )  except  that  one  must  begin  with  functionals 
f  [<(>)  for  which 

f  lil   c  CnprJ  is  a  cylinder  functional  of  <(>, 
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In  case  P  <  oo  the  two  integrals  are  related  by  the  f  or- 
m\\ 

IY(|f|2)  «  e~2  P   I  (|f  |2) 

and  ;ie  corresponding  Hilbert  space3,  ££  and  fy  .,  of  square  in- 
tegrt  le  functionals,  are  the  same.   If  p  =  cq  however,  these 
Hilbt.t  spaces  are  different. 

"Ahe  possibility  of  different  types  of  Hilbert  spaces  of 
states  -  one  containing  a  free  field  vacuum  state  while  the 
other  Joes  not  contain  such  a  state  -  was  observed  independent- 
ly by  van  Hove  and  myself  several  years  ago  in  a  somewhat  dif- 
ferent setting.  Van  Hove*s  arguments  made  it  very  likely  that 
the  difficulties  of  field  quantum  theory  which  involve  the 
occurence  of  undesirable  infinities  are  closely  connected  with 
this  possibility. 

In  the  present  problem  one  may  say  that  transition  from 
one  of  these  Hilbert  spaces  to  the  other  can  be  accomplished 
through  multiplication  by  a  factor  (which  actually  is  infinite). 
Thib  procedure  appears  to  be  related  to  -  though  different  from 
-  the  renormalization  procedure  in  field  quantum  theory. 

Integration  of  the  squares  of  wave  functions  is  only  a 
preliminary  problem  in  the  quantum  theory  of  fields.  A  major 
problem  which  might  afterwards  be  attacked  after  the  problem 
of  integration  has  been  settled  concerns  the  formulation  of  dif- 
ferential equations  for  wave  functions.  The  solutions  of  such 
equations  will  yield  the  wave  functions  characterizing  specif.ic 
states  -  e.g.,  the  vacuum  state  -  under  various  circumstances. 

It  is,  therefore,  necessary  to  investigate  differential 
operators  which  act  on  functionals.  A  functional  is  a  function 
of  the  infinitely  many  variables   <f(x)  ,  x  being  an  index 
ranging  over  3*°space,  and  it  is  natural  to  attempt  to  introduce 
ft  concept  of  partial  differentiation,  6/6c}(x),  with  respect  to 
one  of  these  variables.  Instead  of  6/6cj>(x),  we  shall  define  a 
related  operator  denoted  by  6/6<J(x)dx. 
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Wt  first  consider  cylinder  functional s, 

f[4l  ■  fP(*x...4n)f 


with 


4v=^4(xt)dx./Av 


(v  =  l..#n) 


where 


Avs|y    toi  (v  =  i;..n). 


Here  we  denote  by  (J   disjoint  parallelopipeds  called  "cells". 
If  f  is  a  cylinder  functional  as  above  it  will  be  independent 
of  the  value  of  4(#)  at  4(x)  anv  point  x  lying  in  none  of  these 
n  cells j  we  set  6f [4]dx  =  0  for  such  x.   If  x  lies  in  the  cell 
&  y,    (v=v(x)),  we  set  1 

5«Hx)dx  f [<*]  =  Z£  -f^   fP  (V..4n).  j 

For  an  arbitrary  function  w(x),  we  then  form  the  operator 
such  that 

-';  A^wfdbas  **«*>  "  fc^v  w(x)dx  zfc  A  fp<V»M 

Employing  the  mean  values 

WV   ~H    wWdx/  Ay  | 

and  canceling  the  differential  dx,  we  write  symbolically 


/ 


w<*>  mv B '  5,,  wv  4;  • 


This  operator,  so  far  defined  only  for  cylinder  function- 
al, can  be  extended  to  a  larger  class  of  functionals  by  the 
process  of  closure:   if  the  sequences, \f y  f of  cylinder  func- 
tionals and  TPw(x)  -^Xr^   *j  »   converge  -  with  respect  to  the 

norm  adopted  -  to  limits,  f  =  f[<j3  &n&   6  B  ef<U,  respectively, 


J wU)  K277T  t   =  6- 
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E.  g.,  for  a  quadratic  functional: 

^t43  ■  iyj,b(xSx")<Kxt)<l)(xM)dx»dx» 

which,  in  an  obvious  manner  (see  pa^e  1-2),  can  be  approximated 
by  cylinder  functionals,  we  obtain  the  formula, 

/w(x)  olfxT  f2t(J]  =  ^>(xt,x»)wUt)<Kx")dxtdx» 

or,  symbolically, 

^-^y  f2[(f]  =  2dX//?b(x,X»)4(x«)dX« 

In  a  similar  way  we  may  define  second  derivatives, 

62/o$(xt)64(x") 

and,  in  particular,  the  "Laplacian" 


[6$(x)]^dx 

Again  considering  the  example,  l'pf^]*  we  obtain 

Lf2[<U  -  2j/ b(x,x)dx  ; 

•  •  •  • 

i.e#  twice  the  trace  of  the  operator  with  kernel  b(x',xf,)» 

The  quantum  theoretical  description  of  a  free  field  in* 
volves  the  Hamiltonian  energy  operator, 


H  «  -L+7^lY24(x)]2dx  +  E^ 
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where  L  is  the  Laplacian  just  introduced,  y  is  the  operator 

such  that  y  =  "  £±   (here  /\  ==  D  )»   introduced  e'irlier,  and  EQ, 

the  zero  energy,  is  a  suitably  chosen  constant.  The  operator 
H  is  to  be  applied  to  v/ave  functions  F[<j»],  The  vacuum  state  of 
the  field  is  then  characterized  by  a  v;ave  function  Fa  £4)  which  . 
is  an  eigenfunction  of  H  corresponding  to  the  lowest  eigenvalue. 
The  constant  EQ  is  determined  by  the  condition  that  this  least 
eigenvalue  bo  zero. 

Now  the  functional, 

-|/tY4(x)]2dx, 
P0f<J]  -  e  2  , 

introduced  earlier,  is  such  an  eigenfuction«  In  order  to 
evaluate  HFQ[4]  formally,  we  first  derive 

vfa  P0t4l  -  -r24U)dx  p0[<J] 

and  then  c  n  1 

i  P0t4)  =  {JwHm)2^  -  (/Vj  P0f4l  ; 


hence  we  obtain 


^O^1  =  1/  y2  +  E0   ' 


/  2 '      Z 


To  give  the  expression//  y  a  meaning  we  may  regard  y  as  an 
integral  operato 
of  the  operator: 


integral  operator  with  kernel  y  (xt,xM).  Then  y  is  tne  trace 


t/V  e  tA2(x,x)dx 


The  kernel  Y2(x»>x!f)  is  singular  like  |x«-x"r^  for  xt  =  x'\ 
Therefore  the  tracey/y  is  infinite.  The  constant  EQ  deter- 
mined by 

E0  =  -  /y2 

is  then  infinite.  Then  it  is  seen  that  the  operator  H  cannot 
be  applied  in  a  proper  sensn. 
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This  difficulty  can  easily  be  overcome  -  as  has  been  clear 
since  the  theory  of  fields  was  developed  by  Pauji  and 
Heisenberg  in  1929.  One  defines  the  operator  H  as  applicable 
to  wave  functions  F[4l  of  the  form. 

P[43  e  f t4)  P0C4]  , 
by  the  formula, 

HP[43  -I-Lf[4]  +  2/<*W&$fxT  f  [*]J  P0f4] 

=  £htc4iJ  p0[*1 

v'hich  would  result  by  carrying  out  the  operation  L  formally. 
Tht  class  of  functionals  f [4]  can  then  be  so  chosen  that  the 

operato:  H  «=  -h+ZJ   4(x)  rA/'yV  are  aPPlica°le  *n  tn^  sense  ex- 
plained before. 

One  of  the  fundamental  requirements  of  quantum  theory  is 
that  the  operators  corresponding  to  observable3  be  Hermitian 
with  respect  to  the  unit  form  in  terms  of  which  the  basic  prob- 
abilities are  expressed.  Let  us  note  that  the  operator  H  is 
Hermitian  with  respect  to  the  unit  form 

iY(|f|2)=  /.|f(4}|8e-/lr*(x,l2teTTxyf  M(x). 

as  is  easily  verified.  This  fact  may  also  be  expressed  by  say- 
ing that  the  operator  H  is  Hermitian  with  respect  to  the  unit 

V,f,2)  "/  |Pt4]|2  TTX/?  6Y4(x)'. 

It  is  for  this  reason  that  the  expression  I  (|f|  )  -  or 

JVC  lr I  )  "  furnishes  the  proper  integral  with  which  to  express 

the  basio  probabilities. 

In  oonolusion  I  3hould  like  to  mention  a  related  problem 
in  which  one  of  the  typical  -  as  yet  unsolved  -  difficulties 
of  field  quantum  theory  appears. 
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Tho  problem  is  that  of  the  proper  definition   i  spectral 
resolution  of  a  Hamilton ian  operator  which  may  be  written 
formally  as 


H  »  ~L  + 


/fY2<Kx)]2dx  +  c(/<|A(x)dx  +  E( 


differs  from  the  Hamiltonian  previously  described  by  a 
term  of  fourth  degree. 

Let  us  first  suppose  that  the  symbol  y  stands  for  a  con- 
stant.  Further,  let  us  replace  the  operator  H  by  the  operator, 

hp  -  -i  +  y2  Zx  <*v  Av  +  •  t  Kk  Av  +  H . 

which  transforms  cylinder  functionals  compatible  with  the  par- 
tition (P  into  such  cylinder  functionals.'  The  spectral  resol- 
ution of  the  operator  Hp  can  be  obtained  by  separation  of  var- 
iables and  an  examination  of  the  spectrum  of  Hp  shows  that  it 

approaches  a  definite  limit  upon  refining  the  partition  if  one 
lets  the  coefficient  c  depend  on  the  mesh  width(  /\  =  A  » 

assumed  independent  of  v  Jin  such  a  way  that  ^r*  =  u  remains  con- 
stant as  the  partition  is  refined  and  ^  approaches  cero.  The 
limit  operator  should  than  symbolically  be  written  in  the  form, 

H  «  -L  +  /[Y24U)]2dx  +  Y(/V(x)[dx]2  +  EQ  . 

In  the  relation 

c  «  ydx, 

we  meet  a  genuine  "renormalization".   One  may  expect  that  a 
similar  renormalization  will  be  necessary  for  the  operator  H 

when  y  *s  not  constant  but  is  equal  to  ^-D   • 

For  a  complete  treatment  of  these  operators  it  would  be 
necessary  to  define  the  proper  integral  to  be  used  as  unit  form. 
It  is  not  obvious  how  to  do  this  even  in  the  case  whore  y  *8 
taken  as  a  constant.  If  this  problem  were  solved  the  notion  of 
renormalization  would  have  been  given  —  in  one  case  at  least  — 
ft  legitimato  mathematical  meanings 
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Chapter  III 
Compatible  Measures 


S  1.   Introduction 

At  this  point  in  the  development  of  the  seminar  we  are  in 
the  process  of  considering  various  precedures  and  ideas  around 
which  future  discussions  will  center.   We  now  wish  to  comment  on 
a  sidelight  of  the  previous  discussion,  namely  that  of  determi- 
ning ncompatible  4-nieasures"  within  the  framework  of  integration 
of  functionals  proposed  thus  far.   Only  Gaussian  measures  have 
been  used,  and  the  question  of  whether  or  not  other  measures  are 
suitable  arises  naturally.  We  shall  see  that  there  are  a  large 
number  of  other  measures  which  can  be  used. 

We  consider  $,  a  set  of  functions  4(s)  defined  over  a  cer- 
tain interval  I  of  the  s-axis  (possibly  the  whole  s-axis).  We 
assume-  that  with  every  partition  9   of  this  interval  there  is 
associated  a  mapping  F  of  J  into  itself,  which  we  call  the  pro- 
jection associated  with  the  partition. 

Definition:  The  projections  are  said  to  be  compatible  if  for 
any  two  partitions  V,   p',  where  PT  is  a  refinement  of  f>,  the 
corresponding  projections  P,  P1  satisfy 


(1.1) 


PP»  =  P. 


That  is,  for  every  4  e  J,  PP!4  = 

We  further  assume  that  with  each  projection  P  there  is 
associated  a  mapping  of  the  pairs  (Iv>4)»  (where  I  are  the  sub- 
intervals  of  P),  into  the  real  numbers: 

p<V<J)  =  4V 

which  is  such  that  P<J  is  uniquely  determined  by  the  (4V}« 

In  what  follows  we  restrict  ourselves  to  partitions  P 
which  oonsist  of  only  a  finite  number  of  intervals.  In  the  case 
where  I  is  the  entire  s-axis,  there  will  be  two  infinite  inter- 
vals In  a  partition. 
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In  addition  to  assuming  that  partitions  are  compatible  we 
shall  assume  the  existence  of  a  set  function  L(I)  such  that  if 
ftvi *  * • '»*vK  \*s  a  Part*t*on  °f  tne  interval  Iy  we  have 

U.2)  Uiv)  4V=  ElL(ivti)4vli 

(wherein  I  is  an  interval  of  the  partition  p,   the  I   are  in- 
tervals  of  a  refinement  P* ,  and  4   =  Pf(IUl,,4)» 

By  way  of  illustration,  we  note  that  the  examples  of  ear- 
lier discussions  fit  into  the  above  framework.   If  we  let  J  be 
set  ©f  all  integrable  functions  on  the  interval  I,  we  can 


define  ?4  for  a  partition  f   into  subintervals  I  ,  to  be  the  step 
function  which  has  the  constant  value 


f  4d5 

*v "  T:  ds 


In  the  interval  Iy;  and  take  P(Iy  j)  =  ^y.   If  we  set  L(I)  =1  ds 
the  condition  (1.2)  will  be  satisfied.  Again,  let  ]£  "be  the 
set  of  all  functions  which  are  zero  except  at  a  countable  number 
of  points  in  I,  and  for  which  the  series  of  non-zero  values  con- 
verges absolutely.   In  this  case  define  Pi  to  be  the  function 
which  is  zero  exi 
it  has  the  value 


which  is  zero  except  at  the  end-point  of  each  I  at  which  point 


4v  =  I~<ks)  . 

sTT^ 

that  is,  the  sum  of  the  non-zero  values  of  $   for  s  e  I  .  Taking 
P(Iy,4)  =  <Jy,  and  L(I)  =  1,  (1.2)  is  satisfied. 

•  2.  '  ^-measures f   compatibility 

Next  we  assume  that  to  each  interval  I  in  a  partition  P 

of  I  there  is  associated  a  distribution  function  mx  (x),  that 

v 
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Is,   a  non-de<   'easing  function  which  is\l   at  x  =  j+co.     We   shall 

refer  to  tbe.<  >  distributions   as   the  ^-distributions   and  to  their 

associated  m<  isures  dm^   (x)    as  the  $  -measures . 

v 
Definition:     A  function  f [ • ]  defined  over  <f  is  called  a  cylinder 

functional   i  *   there   is   a  partition  f  such  that   for  all  i  c  J 


(2.1) 


f[p<J]  =  fUJ  . 


We  noto  immediately  that  if  P '  is  a  refinement  of  p9   and 
(2.1)  holds,  then  using  (1.1)  we  have 

f[P«<J]  =  f[PP'<J]  =  f[P4]  =  f[4J  • 

Thus,  if  a  functional  is  a  cylinder  functional  "with  respect  to 
a  c^iven  partition"  then  it  is  also  a  cylinder  functional  with 
respect  to  any  refinement  of  that  partition. 

If  f  is  any  functional  defined  over  ]£,  the  functional  f 
defined  by 

?(4)  =  f(p<J) 

(where  P  is  the  projection  of  a  partition  P)   is  a  cylinder 
functional.   This   follows   from  the  fact  that  PP<j>  =  P<J  and 

f[P<*]  =  f(PP<J]  =  f[P<U  =  f[cf]      . 


Definition:      If  f  is  a  cylinder  functional  with  respect  to    P 
define   its   integral  over  J  to  be 


PK 


U*2)  J       f(P4)dmj   (^Jdmj   (42)    ...   dirij   (<JK) 

where  the  Iy  (v=l,...,K)  are  the  intervals  of  the  partition  P. 
Here  and  elsewhere,  except  where  the  contrary  is  speci- 
fied, all  ordinary  integrals  are  to  be  taken  from  -oo  to  +oo  • 
Note  also  that  in  (2*2),    since  P<J  is  uniquely  determined  by 
4]i«**f4g  we  consider  f(P(J)  as  a  function  of  K  variables,  i.e., 
f(P<f)  s  fp(4i  i  •  •  •  »4K)  in  the  obvious  sense. 


Ill-i* 


Definition?   The  ({"-measures  are  said  to  be  compatible  if  and 
only  if  for  every  functional  f [ • J  which  is  a  cylinder  functional 
with  respect  to  a  partition  f}  we  have,  for  every  refinement  p% 
off>8 

fp(..<L..)  TT  dmT  (<L)  =  f  fpl(..<J   ..)  TT  diru.   (4) 
r    v     v    ±v     v    J  r     ^    ji,v   xiiV  ^v 

*where  the  I   are  the  intervals  of  the  partition  j/f )  . 

If  a  functional  f  is  a  cylinder  functional  with  respect  to 
two  partitions  r,  and  P^t    it  is  also  a  cylinder  functional  with 
respect  to  their  common  refinement  ^p»  ^nus*  compatibility  of 
the  4-roeasures  is  equivalent  to  the  assertion  that  (2.2)  defines 
the  integral  of  a  cylinder  functional  independently  of  the 
choice  of  the  partition  P  such  that  f[P^]=  ?[$]. 

8  3<»   Necessary  and  sufficient  conditions  for  compatibility  of 
-measures . 


Within  the  framework  set  dov?n  in  the  previous  sections  we 
now  consider  the  problem  of  establishing  conditions  which  will 
Insure  the  compatibility  of  the  4-measures.   In  this  connection 
our  main  result  is : 

Theorem  3*1  Assuming  that  the  projections  and  the  set  function 
L(I)  satisfy  (1*2)  a  necessary  and  sufficient  condition  for  the 
compatibility  of  the  <J  measures  is  that  for  the  decomposition 
of  any  Interval  IQ  into  two  disjoint  subintervals  I.  and  Ip, 
we  have 

(3#1)       %  (Efr^7)  =  %  (ITI]7)  *%  (ITI^7,  ' 

where  the  right  side  of  (3*1)  is  the  convolution  of  the  two 
distributions  indicated. 

The  convolution  of  two  functions  F  and  G  is  defined  by 

CO 


P(w)  o  C(w)  =   J   F(w-t)  dG(t)  . 

-co 


in- 5 


It  can  be  easily  checked  that  for  distribution  functions  this 
operation  is  both  commutative  and  associative. 

Proof:  Necessity :  Assume  the  ^-measures  compatible.  Consider 
the  typical  case  where  IQ  is  an  interval  of  the  partition  P  and 
the  refinement  Vs    is  obtained  from  P  by  dividing  Iq  into  two  dis 
Joint  subintervals  I,  and  I2.  Vve  must,  then,  have 

(3.2)    J  ^?(i0)dm1Ji0)   =    J    J  (41,J2)draI  (^Jdnij  U2)  , 


C*o> 


(42)  Ux) 


(where  <JQ  =  P(X0,4),  ix   =  P'dpi),  42  =  P'(I2,4))  for  any 
^vnctional  f [ • ]  which  is  a  cylinder  functional  with  respect  to 
P&xic   such  that  f[Pj]  =  ^p(40).  Letting  LQ  =  L(IQ),  1^  =  L(IX) , 
and  L2  -  L(I2)  we  obtain  from  (1.2) 

j   J  ^pif^x^pJdnij  (^Jdmj  (42) 

<42><*i>  ■   2 

=   J   J  fp(— ^XT^  dmi  (^Idmj  (<U 

(4a)(ty    *        °    /       x  2 


|"-*p<Vda0) 

(40) 


J  -..ft^^J 


(42)    a 


Thus  we  obtain 


(3.3)     T    fp(40)dmj  <40) 
,     <*0>  ° 


/> 


<40> 


fP(Vd(<L) 


ni,ra  *mii¥ 


o'L    i 


"2/. 
w=40 


Slnoe  in  (3«2)  we  may  take  for  fp(<L)   the  characteristics  of 
any  interval,   it  follows  that 
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(34)         %(y-Xfe}-l2(^) 

Sufficiency:   Assuming  (3.I4.),  we  may  then  assert  (3.3)  and  re- 
versing the  steps  of  the  necessity  proof  obtain  (3«2)  for  any 
integrable  functional  such  that  f[P4)  =  f[4l"«  Tnis  in  turh 
yields  easily  the  compatibility  of  the  4-measures. 

By  a  slight  modification  of  the  argument  used  in  proving 
the  above  one  can  also  prove: 

Theorem  3*2  Assuming  that  the  ^-distributions  satisfy  (3.1), 
the  4-measures  are  compatible  if  and  only  if  (1.2)  is  satisfied 
(except  possibly  on  a  set  of  TJ  dm,.  (4  )-measure  zero). 

§  l\..     The  construction  of  compatible  cj>-measurcs 


proceed  next  to  note  some  simple  sequences  of  Theorem 
3«1«  Letting  a(I)  denote  the  mean  of  mj(w),  and  <r  (I)  the  va- 
riance of  mj(w),  defined  by 

a(I)  =  Jxdmjfx)   ,    o-2(I)  =  flx-ad)]2  dmx(x)   , 

we  obtain  from  (3*2)  the  relations 

(I4..I)     L(I0)a(Io)  =  Ldjlol^)  +  L(I2)o(I2) 

(U.2)   L2(I0)cr2(I0)  =  ^(I^Jil^   *  L2(I2)a?(I2) 

(l|..l)  asserts  simply  that  L(I)a(I)  must  be  an  additive  set 
function,  which  we  denote  by  A(I),  i.e. 

(t.3)  A(I)  =  L(I)a(I) 

•      • 

2 
On  the  other  hand,  (1^.2)  requires  that  (L(I)c-(I)]  be  a  non- 
negative  additive  set  function,  which  we  denote  by  S(I).   I.e., 

(k.k)  S(I)  =  (L(l)cr(I)]2  . 

Thus  in  attempting  to  construct  compatible  4-measures  we 
are  led  to  consider  any  stable  distribution  F(x),  i.e.,  one 
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such  that  ;he  family  |p(ax+b)>  (a  >  0)  is  closed  under  convolu- 
tion.  Thin  we  pick  any  additive  set  function  A(I),  any  non-ne- 
gative ane  S(I),  and  any  L(I)  -f   0.  Then  we  can  solve  (U.3)  and 
(k*k)   *3r  tt.(IJ  and  tr(I),  and  arrange  for  (3.2)  to  hold.   Final- 
ly, anc  this  would  be  the  critical  step,  one  should  then  ascer- 
tain whether  or  not  a  compatible  system  of  projecti©ns  exist 
which  -atisfy  (1.2).   In  any  event  one  might  view  this  as  a  res- 
triction on  the  function  L(I)  and  take  only  those  L(I)  for  which 
this  can  be  done. 

•  Wo  next  proceed  to  indicate  what  the  above  construction 
would  yield  when  applied  to  the  most  familiar  examples  of  stable 
distributions. 

Example  I :  The  Gaussian  Distribution 

The  standard  distribution  function 


—  1 

2*  L 


which  has  mean  0  and  variance  1,  generates  the  stable  family 
consisting  of  the  Gaussian  distribution  functions 

x  l/U-a%2 

^    J-oo 


r/H 


p 

with  mean  a  and  variance  ©-  • 

Thus,  If  we  take  as  our  4-measures 

■■  L(I)       /4[L(I)4-A(I)]; 

d*M*  =  ■   _■  e*P  I— — errs 

1     /2S5TT7     \    §TI) 

where  L(I),  A(I),  and  S(I)  are  as  described  above,  we  obtain 
compatible  4-measures,  provided  we  can  find  compatible  projec- 
tions satisfying  (1.2). 

If  L(I)  ia  an  absolutely  continuous  additive  set  function 
relative  to  a  measure  \l(b),    it  is  well  known  that  it  has  the  form 
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■  I 


L(I)  =    ^(s)dii(s)  . 


If  we  then  take 


*.-] 


<j(sH(s)dn(s) 

I. 


v 


and  define  P$  to  be  the  piecewise  constant  function  which  is  i 
on  I  ,  (1,2)  is  satisfied  and  the  projections  are  compatible. 
The  special  case  with 

A(-I)  =  0,  L(I)  =  |i(I),  S(I)  =  |j  ji(I) 

Is  precisely  the  one  which  w as  presented  in  Chapter  I. 

Example  II;   The  Heavislde  distributions 

The  structurally  simple  it  family  which  is  closed  under 
convolution  is  that  generated  by  the  Heavislde  function 

x  <  0 
x  >  0 

which  has  mean  0  and  variance  0.   It  is  easily  verified  that 
•fc(x-c)  has  mean  c  and  variance  0,  and  that 

1)(X-C1)  *  1(X-C2)  =  *)(X  ~  (Cj+Cg)). 

Hence,  in  this  case  we  are  forced  to  take  S(I)  =  0.  If 
we  assume  A(I)  is  absolutely  continuous  relative  to  a  measure 
&i(s)  and  set 


s 


and  take 


A(I)  =    J  *(8)dll(8) 


L(I)  «   j  d(i(a) 
I 
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(where  ty's)    is  a  fixed  function  which  is  d^CsJ-inte^rable),  the 
projectio is  into  step  functions  (as  in  example  II)  are  again 
compatible.   In  this  case  the  resulting  integral  may  be  written 
as 

(C0 


r 

j    frti-TT  dnf+(8)-t(3)) 

and  under  a  mild  hypothesis  on  f  can  be  proved  to  be  equal  to 

Example  III ;  Classical  Poisson  Distribution 

The  classical  Poisson  distribution  is  given  by 

n 

m(xfc)  =  XZ  7TC  e"         ^c  >  °) 
n<x 

and  has  mean  and  variance  equal  to  c.   It  can  be  verified  that 

m(x,Cj)  *  m(x,Cp)  =  m(x,c-+Cp)  . 

Again  the  choice  of  the  set  functions  A(I)  and  S(I)  Is  restrict- 

2 
ed.  Here  we  must  have  a(I)  =  <r   (I),  which  implies 

ik'S)  l(i)  =  S(I)/A(I) 

and  hence 

Our  <J-measure  will  then  be  of  the  form 

(where  the  summation  is  taken  over  all  integral  values  of  ^). 

Since  L(I)  must  satisfy  (If. 5)  there  is,  in  general,  some 
difficulty  in  the  construction  of  the  corresponding  compatible 
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projections  and,  Indeed,  this  may  not  always  be  possible.   The 
case  discussed  previously  in  the  lectures  corresponds  to  the 
choice  S(I)  =  A(I)  =  jjl(I),  and  L(I)  =  1. 

The  following  examples  may  also  be  worked  out  along  simi 
lar  lines « 

Example  IV;   Generalized  Poisson  Distribution 
This  is  given  by 

m(x,a,b,c)  =  >     ~r  e"c     (c  >  0)  . 

an+b<x  n' 

For  fixed  a,    as  a  family  of  distributions  depending  on  the  para- 
meters b,   c,    these  are  closed  under  convolution.      In  fact  for 

CI,C2>0  II 

m(x,a,b,  ,c,)*  m(x,a,b2,c2)   =  m(x,a,b,+b2,c1+Cp)    • 

The  mean  and  variance  of  this  distribution  are  (b+c)/a  and 
c/a  respectively. 

Example  V;  Binomial  Distribution 

For  n  =  1,2, .. .  and  0  <  p  <  1  let 

m(x,a,n,p)  =  2Z  Op*   U-P>n"V  • 

v<x-c 

* 

Then  we  have 

m(x9eL^,n^,p)   m(x,a2,n2p)  =  m(x,a1+a2,n1+n2,p)   • 

The  mean  of  this  distribution  is  (a+np)  and  the  variance  is 
t(a+np)2  +  np(l-p))  . 

Example  VI:  The  Pearson  Distribution 
For 

'  0  x  <  0 

m(x,a,X).*  \     x  x 

we  have 

m(x,a,X.  )*  m(x,a,X2)  =  m(x,a,Xj+X2)  . 


a     T  .X-l  e-at  dt         x  >  0 
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Chapter  IV 

Integration  Spaces 

§  1.   Introduction, 

As  the  next  step  In  the  development  of  our  discussion  of 
Integration  of  functionals,  we  wish  to  set  down  an  abstract 
structural  setting  within  which  integrals  such  as  have  been  dis- 
cussed (and  will  be  considered)  may  be  formulated.  The  compo- 
site object  which  we  consider  will  be  called  an  integration 
space. 

We  assume  the  following  entities  to  be  given: 

(1)  a  linear  space  G  of  elements  x; 

(2)  a  collection  R  =  [r|  of  linear  subspaces  R  of  G  and  a 
partial  ordering  <of  the  subspaces  Reg; 

(3)  for  each-  R  e  £  a  linear  projection  PR  of  G  Onto  R, 
(projecting  each  element  x  of  G  into  PRx);  and 

(!(.)  corresponding  to  each  R  e  &   a  Borel  field  *£(R)  of  sub- 
sets, of  R  and  a  totally  additive  measure  mR  over  *f(R). 
We  further  assume  that  the  above  entities  have  the  follow- 
ing properties : 

(a)  for  Rj>  R^  e  #  there  is  an  R  c  (£j  such  that 

R  >  Rx     ,  R  >  R2 

(P)   if  R»   >  R  and  R,   R'    e   ffcl,   then 

PRPR«X  s  PRX 

for  all  x  e  G. 
(y)  the  measures  on  the  subspaces  R  of  &  are  compatible; 
that  is,  suppose  R1,  R  e  8  with  Rf  <  R,  and  S  e*f(R). 
Let  S1  =  /xeR*  5  P^xcsV  Then  we  have 
( 


*t  S'  a  f  xeR'  *  PRxes|. 
i)  S«eJ(R»K 

(ii)       mR!(S»)  =  mR(S) 
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8  2.  Cylinder  Sets. 

We  define  a  cylinder  set,  or  simply  a  cylinder,  in  G  to  be; 
a  subset  C  of  G  of  the  form 

C  =  <xeG:  prxcS)  ' 

for  some  Re^.with  Sei(R).  The  set  S  is  then  referred  to  as  a 
base  of  the  cylinder  C,  or  more  explicitly  as  the  base  in  R  of 
this  cylinder. 

Lemma ;  A  cylinder  C  with  a  base  in  Refl?  is  also  a  cylinder  with 
respect  to  a  base  in  any  R!e£  such  that  R1  >  R.   In  fact,  let 
S  be  the  base  in  R.  Then  Sf  =  fxeR1 :  pRxeS}  i3  tne  desired 
base  In  R' .  * 

Proofs  The  assumption  (y)  in  §  1  provides  that  S!e>$(Rf),  so 
that  it  suffices  to  prove  that 

xeC^PRlxeSt 

This  follows  from 

xeC  *$  PRxeS  4=S>  PRPRlxeS  <f$   PR,xeS 


»  . 


Using  the  above  lemma,  one  easily  establishes  the  following 
facts : 

(a)  the  null  set  and  the  whole  space  G  are  cylinders; 

(b)  the  intersection  of  a  finite  number  of  cylinders  is  a 
cylinder; 

(c)  the  union  of  a  finite  number  of  cylinders  is  a  cylin- 
der; and 

(d)  the  complement  of  a  cylinder  is  a  cylinder. 

To  a  cylinder  C  with  base  S  in  Re£we  assign  the  measure 

(2.1)  m(C)  =  mR(S)  . 

It  is  a  consequence  of  the  compatibility  condition  (y)  that 
m(C)  is  defined  over  cylinders,  independently  of  the  choice  of 
base  S.  This  together  with  the  facts  listed  above  yields  that 
ro(C)  is  a  finitely  additive  measure  over  the  set  of  cylinders. 
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§  3«  Cylinder  fur:tlons. 

A  function  i'[  •  ]  Is  called  a  cylinder  function  if  there 
exist*  an  He  £  such  that 

f[PRx]  =  f[x] 

The  cylinder  function  is  then  said  to  have  a  base  in  ft. 

If  f  l.as  a  base  in  Re£,  *nd  R1  =>    R,  R'etf,  then  f  has  a 
base  in  R1 .   For,  by  (p), 

f[PRfx]  =  f[PRPR.xJ  =  f[PRx]  =  fix]  . 

Prom  this  remark  and  property  (a)  it  is  easily  inferred  that 
the  collection  of  cylinder  functions  forms  a  linear  space . 

Lemma:  If  f  is  a  cylinder  function  with  base  in  Re<£,  and  is 
measurable  as  a  function  over  R  then,  for  any  R^^such  that 
R1  >  R,  f  is  measurable  over  R1  and 

J   f[x]dmRt  =  J  f[x]dmR 
R  R 

Proof:   First  we  prove  the  measurability  over  Rf.   Let 

S  =  [xeR:  f[x]  <a] 

so  that  Sej/(R).  Set  S»  =  /xeR':  f[x]  <  a].  We  wish  to  show 
that  S'e^(Ri).  This  follows  from  the  fact  that 

xeS»  ^  f[x]  =  f[PRx]  <  a,  xeR* 
4=±   PRxeS,  xeR» 

so  that  S*  is  precisely  the  same  as  in  assumption  (y)  of   §1,  and 
the  desired  result  follows. 

As  for  the  equality  of  the  integrals,  we  need  only  consi- 
der the  case  of  f[x]  >  0.  Then  we  form 


«* >  Hi  ?i   «R  ^xeR:  yx  <  f[x]  <  y1+1j 
<r%   -  Hi   7t  mRI  jxcR»  :  yt  <   f[x)  <  ylnj 


and 
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A3  in  the  preceding  paragraph  we  obtain 

|xeR«  s  y±   <  f[x]  <  7uu    =  [xeRf  :  PRxe(xeR:  y±  <   f[x]  <  yi+1JJ 

ao  that  <T  =  ff«  and  the  desired  result  follows. 

Thus,  if  a  cylinder  function  having  a  base  in  Re&is  in- 
tenable  over  R,  it  has  the  same  integral  over  all  subspaces  in 
£•  with  respect  to  which  it  has  a  base.   (See  the  Lemma  earlier 
in  this  section.)   For  such  a  cylinder  function  f  we  may  define 
the  integral 


I*(f)  =  f  f[x]dmR 
R 

which  is  independent  of  the  choice  of  Refca3  base  space.  The 
dependence  of  the  Integral  I   (•)  on  the  collection  £  of  sub- 
spaces  R  is  indicated  by  a  superscript. 

I  L  The  spaces  «3?_ 

For  any  fixed  a  >  1  we  consider  those  cylinder  functions 
f  for  which  |f la  is  integrable  with  respect  to  a  base  Re£. 
These,  clearly,  form  a  linear  spaced   and  we  may  introduce  the 

norm 

1 

11  fife- Iff Mii^  =  t  &  (kia)]a    . 

Furthermore,  we  may  complete  C  by  introducing  ideal  functions 
f[»]  which  are  associated  with  a  sequence  of  cylinder  functions 
fn[*)eC^a  such  that 

"*fn  "  fm'"£  ""*  °     as  m,n  -^  cd  . 
Sine© 

llk^-llfjl^lill^-rjl^o  , 

lim  || f  |i*  exists  for  such  sequences  <fw[#]]  and  we  may  define 
«-&«>  n   ft  t  n  > 

U\L    =  ltmflfJL 
K     n->oo  *- 

ifedfia)  =  i  ifriL  ]a    • 
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<y>  A, 

The  space  of  these  ideal  functions  will  be  denoted  by<rt. 

We  note  that  the  space  >3fp  *s  a  Hilbert  space  with  inner- 
product  given  by 

§  5*   Examples  of  Integration  spaces. 

Special  realizations  of  the  notion  of  integration  space 
N«»t  i^rth  in  the  preceding  sections  are  quite  numerous.   We  con- 
sider first  the  example  in  which  G  consists  of  the  unrestricted 
infinite  sequences  of  real  numbers 

X  =  \  X-j  ,  Xp  9  •  •  •  /  • 

For  fL  we  take  the  finite  dimensional  subspaces 

(5.1)  RmJ  (x1,...,xn,0,0,...) 
with  projections  P  given  by 

(5.2)  Pnx  =  (x1,...,xn,0,0#...) 

As  measure  in  R  we  may,  for  example,  take  the  Gaussian  measure 
given  by 

(5.3)  dmR    =   (  v/Hrn  exp  [-  \j~  x^Jdx^^. .  .dxn 

n  i=l 

All  of  the  requirements  set  down  in  81  are  then  easily  verified 
and.  the  formalism  which  has  been  developed  applies  here. 

Another  example  which  fits  into  this  scheme  is  the  proce- 
dure for  integrating  functionals  given  in  Chapter  I.   In  that 
procedure  G  consists  of  all  functions  <J(s)  defined  for  s  in  a 
given  base  space/.  The  collection  consists  of  the  subspaces 
Up   of  those  functions  which  are  piecewise  constant  over  the  in- 
tervals of  a  partition  P  of  the  interval  /.  The  projections  PR 
may  be  defined  by 


V 


Uv  =  -7 onJv     (v=l,...,n)V 


I. 
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where  the  iy  are  the  intervals  of  the  partition  P.     A 
over  Rp  we  take  the  Gaussian  measure  given  by 


dm. 


-n     r   i  "    2 


H 


=  (  >/5i)"n  exp  t-  |EZ  *v  )  d*i«---d*n 


P  c  v=l 

the  order  relation  >  is  inclusion  and,/ (ft)  consists  of  the 
Gauss -measurable  subsets  of  R.   That  the  conditions  set  down  in 
§1  are  then  satisfied  has  already  been  verified  in  previous 
lectures. 

§  6.  Total  additivity  of  measure. 

The  question  arises  of  whether  or  not  the  measure  defined 
above  over  cylinders  is  totally  additive.   Indeed,  in  the  case 
o.f  the  example  of  the  space  of  unrestricted  sequences  this  is 
bo  I   as  follows  from  a  theorem  of  Kolmogorov.  (A.  Kolmogorov, 
Foundations  of  the  Theory  of  Probability,  p.  17).   In  fact,  in 
this  case,  the  measure  over  cylinders  may  be  extended  to  a  to- 
tally additive  measure  over  the  smallest  Borel  field  which  con- 
tains the  cylinders* 

That  the  measure  over  cylinders  need  not  in  general  be  to- 
tally additive  is  easily  seen.   One  need  only  choose  for  G  a 
subspace  of  the  space  of  unrestricted  sequences  which  is  Borel 
measurable  in  that  theory  and  such  that  it  has  measure  0.   Also, 
if  we  arrange  that  G  contains  the  R  of  (5.1),  we  can  use  these 
for  d  and  together  with  the  projections  of  (5.2)  and  measures 
(5*3)  develop  the  wG-theory".  Since  G  has  measure  0  in  the  un- 
restricted sequence  theory  we  can  cover  G  with  a  countable  num- 
ber of  disjoint  cylinders  whose  total  measure  is  as  small  as  we 
like.  But  the  measure  of  a  cylinder  will  be  the  same  in  the  G- 
iheory  and  the  unrestricted  sequence  theory.-  Since  on  the  other 
hand  the  measure  of  G  must  be  1  in  the  G-thoory  we  see  that  the 
measure  over  cylinders  is  not  totally  additive  in  the  G-theory. 

We  shall  return  to  these  ideas  in  later  sections.   In  par- 
ticular when  we  treat  the  case  in  which  G  is  a  separable  Hilbert 
space,  an  explicit  example  will  bo  given  which  demonstrates  the 
lack  of  total  additivity. 
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Chapter  V 
Integration  over  Gilbert  S pace 

§  1*   Introduction. 

We  iow  propose  to  develop  in  detail  a  notion  of  integra- 
tion over  a  separable  real  Hilbert  space,  within  the  framework 
of  the  general  concept  of  "integration  space".   Taking  advantage 
of  the  special  structure  of  such  a  Hilbert  space,  together  with 
the  "unitary  invariance"  of  the  Gaussian  measure,  we  are  led  to 
the  derivation  of  a  certain  kind  of  "unitary  invariance"  of 
this  integral.   In  addition,  the  spaces**  will  have  certain  in- 
teresting special  features.   In  particular,  some  statement  can 
be  made  concerning  the  association  of  "proper  functions"  with 
"Ideal  functions". 

8  2.   Notions  and  Notations. 

*  The  following  notations  will  be  used:  . 

(a)$  a  separable  real  Hilbert  space,  with  points  x, 

inner  product  (x,y),  norm  |jx||  . 
°(b)  P,Q,R,S,T,etc.  denote  orthogonal  projections  (hence- 
*  forth  simply  called  projections)  into  finite  dimen- 
sional, subspaces  of  £ .  We  will  also  use  a  symbol  such 
as  P  to  denote  the  range  of  the  projection  P. 

(c)  (P  $  Q)  denotes  the  linear  sum  of  the  ranges  of  P 

-  and  Q;  by  PQ  we  denote  -  as  is  customary  -the  operator 
consisting  in  applying  first  Q  and  then  P. 

(d)  The  formula  R  ~  (P  <&  Q)  is  to  indicate  that  the  ope- 
rator R  is  the  projection  onto  the  space  (P  $  Q);  hence, 
by  the  convention  set  down  in  (b),  R  may  also  be  used 
as  another  name  for  this  space.  The  formula  S  ~  PQ 
is  to  indicate  that  S  is  the  projection  onto  the 
range  of  the  operator  PQ. 

(e)  dim  M  is  the  dimension  of  the  range  of  the  operator  M. 

In  the  case  of  Hilbert  space,  a  finite  dimensional  sub- 
space  uniquely  determines  its  orthogonal  projection,  and  con- 
versely, so  that  little  ambiguity  can  arise  from  the  use  of  P 

as  a  notation  both  for  a  projection,  and  for  the  range  of  this 
projection. 
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Definitions ; 

VI.   A  sequence  of  orthogonal  projections  <K  =  (P  ) 
(n=l,2,..„)  will  be  called  monotone  if,  for  n  >  m,  Pn  ^  Pm. 

V2,   A  sequence  of  orthogonal  projections  (Pn)  will  be 
called  complete  if,  for  all  xf(,  Pnx  -*»  x  as  n  ->  co  j  that  is, 
HPnx  -  x||~*  0. 

4 '  b 

V3»   A  set  A  =  (R)  of  orthogonal  projections  will  be 
called  complete  if  it  contains  at  least  one  complete  subsequence. 

Vl|.«   A  set  &  =  (R)  of  orthogonal  projections  will  be 
©ailed  closed  if  for  every  given  pair  of  projections  P,Q£/<?  there 
exists  an  Rett  such  that  P  C  R  and  Q  CR,. 

V$.  A  sequence  (Pn)  of  orthogonal  projections  will  be 
called  a  complete  basic  system  if  it  is  complete,  monotone, 
and 9  for  each  n,  dim  Pn  =  n. 


to  a  complete  basic  system  (Q.  )  there  corresponds 
an  orthonormal  basis  fgJj  of  h.  such  that,  for  x  =  r~-  x^g,  , 


Qnx  =  J~  x^   ,   n  =  1,2,... 

Clearly ,  any  infinite  subsequence  of  a  complete  basic  system 
is  complete  and  monotone.   Furthermore,  by  the  insertion  of 
certain  projections  a  given  complete  monotone  sequence  may  be 
converted  into  a  complete  basic  one. 

Frequently,  we  shall  omit  the  superscript  and  write  (Q) 
in  place  of  (Qn)« 

A  particular  complete  system  which  will  be  of  interest  is 
the  collection  H   consisting  of  all  projections  into  finite  di- 
mensional subspaces  of  Km 

•  3.   fi  as  an  integration  space. 

In  treating  ,/vas  an  integration  space  we  take  as  subspaces 
those  corresponding  to  a  given  complete  system  f,   of  projections. 
Note  that  condition  (a)  of  IV  §1  is  satisfied  by  virtue  of 
VI.    while  condition  (p)  is  satisfied  since  the  projections  P 
are  assumed  orthogonal. 
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The  measures  will  be  taken  as  the  usual  Gaur.sian  measures, 
i.e.  for  any  Pe£ 

(3.1)      dmp  =  /Zn~K   exp  [~  |  ||Px||2]dxr .  .dxK 

where  K  =  dim  P.  These  of  course  correspond  to  the  Gaussian 
distribution  of  mean  0  and  variance  1.   The  analogous  measures 

which  correspond  to  the  Gaussian  distribution  of  mean  0  and  va- 

2 
riance  or  will  be  discussed  later.   In  view  of  the  obvious  uni- 
tary invariance  of  this  measure,  it  is  determined  independently 
of  the  particular  choice  of  |x.\  as  a  basis  for  P.   Instead  of 
(3«U  we  shall  often  write 

'3.2)       dmp  =  exp  [-  |  HPxlfjdpX 

It  is  then  clear  that  also  property  (y)»  required  of  an 

Integration  space,  is  satisfied.  Because  of  a  special  feature 

it   the  case  we  are  considering  here  we  shall  elaborate  somewhat 

on  the  general  construction. 

p 

Denote  by«£   (a  >  1)  the  linear  space  of  those  cylinder 
functions  f(x)  with  base  in  P  such  that  In|f|a)  exists.   I.e., 
such  that  |f  |   is  lntegrable  over  P  with  respect  to  the  measure 
dmp,  or  simply  P-integrable .  Note:   if  f(x)  is  a  cylinder  func- 
tion with  base  in  ?  which  is  P-measurable,  then  f(Qx)  is  a  cy- 
linder function  with  base  in  Q  which  is  Q-measurable.  To  verify 
this  last  assertion,  form  R  ~  (P  (£>  Q)  and  recall  that  the  set 


■f 


xcR: 


f(x)  <  p] 


is  R-measurable.  Then,  since  Q  itself  is  an  R-measurable  sub- 
set of  R,  the  set  (Q  ^  S)  is  R-measurable  from  the  unitarily  in- 
variant nature  of  the  measures  involved  here.   It  then  follows 
that 

Q  a  s  =  fxeQ:  f(x)  <  pj 

is  Q-measurable,  and  the  desired  result  ensues. 

In  constructing  the  ideal  functions  f(x)  =  }*VXM  °*  ^a 
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for  a  fixed  a  >  1,  we  shall  admit  sequences  rf  (x)'  such  that 
fn(x)  Is  a  cylinder  function  with  base  in  Pne£  and 


,Pn 


(a)  fn(x)   e  «££     for  n  sufficiently  large, 


lim     HC-fJL      =     0   . 
m,n-*K>o 


"n  fc 


The  remainder  of  the  setup  is  then  exactly  as  described  in  the 
general  discussion  of  integration  spaces. 

™e   shall. find  it  convenient  to  make  use  of  the  following 
not ton; 

Definitions  Let  P  be  a  projection,  and  f ( • )  a  function  over  fl; 
then  we  define  the  function  Pf( ■ )  by 

Pf(x)  =  f(Px)   . 

For  a  given  complete  monotone  system  (P)  the  function  f(x)  is 
(T)-integrable,  or  f(x)(L -£*?/  if  the  sequence  \?nt\    is  an  ide& 
element  of  X   G  •  We  then  define 

*  HT)  '  ^    ■**  1(F)  ,  ' 

The  collection  of  thooo  "proper  functions"  which  are  (P)-inte- 

(P) 
prable  clearly  forms  a  linear  space  which  we  also  denote  by  X  a 

In  §5,  we  shall  extend  the  above,  and  give  a  definition 

of  fe-integrability  for  any  complete  closed  set  /£   of  projections. 

i  h*     The  non-total  additivity  of  the  measure  over  cylinders 

As  was  already  mentioned  in  86  of  the  general  discussion 
of  integration  spaces  in  Chapter  IV,  the  measure  over  cylinders, 
determined  by  the  above  integration  theory  over  a  Hilbert  space, 
is  not  totally  additive.   In  order  to  deduce  this  from  our  pre- 
vious remarks  on  this  subject,  it  suffices  to  consider  the  se- 
quential Hilbert  space  h.   of  sequences 

co   2 
X  =  (X^t  xp$  *  •  •x*  ,  *  •  •  /  ,    /   x^  <  CO 
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as  a  subset  of  the   space  JZ   of  unrestricted  sequences.  Within 
the  integration  theory  of  YZ   (with  Gaussian  measures),  the  mea- 
sure over  cylincers  is  totally  additive  and  may  be  extended  to 
a  totally  additive  measure  on  the  smallest  Borel  field  contain- 
ing the  cylinders.   It  is  easily  seen  that  A  is  a  Borel  measu- 
rable set  in  the  *£Z  theory.  All  that  need  be  shown  then  is  that 
the  measure  of  a  is  0  in  the  YZ   theory,  from  the  "Zero  or  One 
Law"*bf  probability  theory,  this  measure  is  0  or  1,  and  that  is 
indeed  0  is  an  immediate  consequence  of  the  "Three  Series 
Theorem"  of  Khinchine  and  Kolmoporoff ;  (in  fact,  the  Two  Series 
Lemma  is  sufficient).  To  see  this  fact  directly,  consider  the 
subset  J  of  J"  consisting  of  those  x  such  that  x^  <  1  for  in- 
finitely  many  values  of  n.  Clearly,  He  J  and  the  measure  of  J 
in  the  YZ  theory  is  0  so  the  measure  of  fi   in  this  theory  is  al*- 
so  0* 

This  suggests  the  possibility  of  giving  a  simple  example 

* 

in  which  A  is  covered  by  the  union  of  a  countable  number  of  cy- 

00  co_ 

linders,  J{   ^  \J    C,,   such  that  5"  m(C.)  <  1.  This  may  be  done 

as  follows:  choose  6  such  that 

6 


and  form  the  cylinders 


=-  1   exp  t-  g-  u  ]du  =  e  <  | 


c2  = 

and,  in  general, 


Cx  =  |x:   |x1l,  |x2l  <  6^ 
2  =  fx:   |x3l,  |x^I  <  6^ 


V*  (x:   ,x(2n-1+l),,'",,X2nl  <  *1 


oo 
Clearly  we  then  have  that  jjc    (J    C    • 

,  n™  a 


Since 


T 


Kolmogoroff,   Foundations  of  the  Theory  of  Probability. 
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we  have 


m(Cn)  <  e*2*1"   )  <  en     , 


g=  "Wn'  <rk<1 


In  fact,  we  see  from  the  above  that  we  can  have  an  example  in 

CO 

which  ]T   m(C  )  is  as  small  as  we  like. 

n=f    n 

Though  the  C.  in  the  above  example  are  not  mutually  dis- 
joint, an  example  with  mutually  disjoint  cylinders  may  bo  ob- 
tained by  "d is  jointing"  the  C,  in  the  standard  way. 

8  5*   Invariance  and  Identification. 

The  general  problem  of  "identification"  is  two-fold  in 
nature.   On  one  hand  we  have  the  problem  of  ascertaining  some 
M reasonable"  sense  in  which  for  any  two  complete  basic  systems 
■  (P)  and  (Q)  an  ideal  function  of  X^V   **ay  b«  "identified"  with 
an  ideal  function  of  <Z  !:  •   On  the  other  hand,  we  have  the 
closely  related  problem  of  prescribing  how  to  associate  with  a 
ttproper"  function  f(x)  an  ideal  function  of  an  Xr a   .  Several 
notions,  related  to  these  questions  will  now  be  proposed  and 
discussed. 

Definitions:   Invariance  Properties 

(I)  Semi -invariance  relative  to  jt 

'      '     ■ ■     i  ill.  »«   I         I  I  »■  m  m  i  I  ■  I  I   i  i  Hi* 

A  proper  function  f(x)  is  called  semi -invariant  rela- 
tive to  a  given  complete  closed  system  £  if,  for  every  complete 
monotone  subsequence  (Q)  =  (Qn)  of  C» 

(a)  f(x)  e/£Q) 

(b)  ||.  Qf  II/qj   is  independent  of  (Q)   . 

For  a  semi-invariant  function,  since  (b)  is  satisfied  we  shall 
write  || fty  =  |lQfll(Q)  • 

(II)  Invariance  relative  to  € 

A  proper  function  f(x)  is  called  invariant  relative 
to  a  given  complete  closed  system  £  if,  for  every  pair  of 
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complete  mcwor.one   subsequence   of  H  ,    (?)  =   {f1 )   and   (Q)   =   lQm), 
we  have 

T^fix)  =  fv>nx)    eX**    and     Qmf(x)   =  f(Qmx)   eff'i 

for  n  and  m  sufficiently  large   and 

(5.D  11m     «Pnf  -  Qmf»     n     m     =   0 

n,m->co  (Pn£Qm) 

(III)  Complete  invariance  relative  to  -il 

A  proper  function  f(x)  is  called  completely  invariant 
relative  to  a  given  complete  closed  system  £  if,  for  every  com- 


sufficiently  large  n,  and 


plete  subsequence  of  projections  (Qn  )  of  (i  we  have  Qnf e«£!?  for 


lira  fQnf  -  Qmf|L  =  0 

We  may  now  introduce  the  notion  of  ^-integrability,  as 
provised  at  the  conclusion  of  §3» 

Definition:  Given  a  complete  closed  system  ^,.  a  function  f 
will  be  called  f?-integrable,  or,  more  generally,  f(x)&ifa 
(a  >  1)  if  f(x)  is  invariant  relative  to  £. 

If  f(x)  Is  £-infcegrable  it  Is  easily  seen  that  I  f  ll/p)  la 
the  same  for  any  choice  of  a  complete  monotone  subsequence  (P) 
of  £•  We  then  define  J  f  IL?  =  If  ll/p) »  and  introduce  the /?- inte- 
gral of  |f|a  over  £  asfc 

We  note  that  the  complete  closed  system  f>  has'  the  pro- 
perty that  any  complete  monotone  subsequence  may  be  filled  out 
to  a  complete  basic  subsequence  inside  #.   Then,  in  verifying 
the  first  two  of  the  above  notions  of  invariance,  it  suffices 
to  consider  only  complete  basic  subsequences  of  <C. 

We  now  gather  together  a  few  simple  observations  several 
of  which  will  play  an  important  role  in  later  discussions  inas- 
much as  they  will  be  used  in  proving  our  main  theorem. 
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Remarks : 

(5«2)   Tho  notions  of  invariance  as  listed  above  are  in  order 
of  increasing  strength  in  that  (III)  implies  (II)  implies  (I) • 
(5«3)  The  invariant  and  completely  invariant  proper  functions 
form  linear  spaces, 

($*l\.)      If  f(x)  and  g(x)  are  both  invariant  (completely  inva- 
riant) proper  functions,  and  if  both  are  bounded,  then  f(x)g(x) 
is  invariant  (completely  invariant). 

(5*5)   Suppose  that  f(x)  is  a  cylinder  function  with  base  in  P 
belonging  to£    *     Then  the  complete  invariance  of  f  is  equiva- 
lent to  the  assertion  that,  for  every  sequence  (Qn)  such  as  is 
described  In  (III),,  firstly  Qnfe^  for  n  sufficiently  large 
and  secondly,  for  Rn  r*  (P©Qn), 

lira  ||f  -  Qnf !   =  0  • 
n->oo         R 

(5«6)  A  natural  question  which  arises  -  and  which  is  not,  as 
yet,  settled  -  is:  whether  or  not  any  of  the  apparently  weaker 
notions  of  invariance  will  necessarily  imply  a  stronger  one. 
In  particular  one  might  ask  whether  or  not  semi-invariance  im- 
plies invariance.  A  partial  result  in  this  direction  will  be 
obtained.  However,  since  it  stems  from  a  theorem  which  will  be 
proved  in  a  later  section  we  shall  postpone  further  considera- 
tion of  this  question  to  §8. 

(5«7)   The  main  result  concerning  invariance  is: 
Theorem  A.   Every  cylinder  function  is  completely  invariant. 

It  will  be  proved  in  §  7«  At  present  we  continue  to  in- 
troduce definitions. 

Definitions :   Identification 
(I)  Semi-identification 

Let  (P)  be  a  complete  basic  system,  and  consider  any 

£(x)  *  {fn(*)f  e°^a  •  Then»  a3  has  already  been  noted,  IMlpj 
is  defined  and  is  in  fact  given  by 
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We  wish  then  to  "identify"  ?[x),  in  a  natural  way,  with  an  ideal 
element  of  each  SP ,  where  ($)  is  a  complete  basis  system,  in 
such  a  way  that  l^B(p\  may  be  evaluated  in  the  (Q)-theory. 
This  idea  may  be  formalized  by  the  notion  of  semi -identification. 
This  is  said  to  be  possible  if,  for  every  two  complete  basic 
systems  (P)  and  (Q),  given  any  ?(x)  =  (fn(x)}e^Q   there  exists 
a  sequence  of  integers  m   (n=l,2,3, • • • )  such  that 

(a)  {q\}  jJfW> 

(b)  H{V\}HU)  =  lf*B}l(P)      • 

(II)  Identification 

Though  semi-identification  provides  that  II? Il/pt  way 
be  evaluated  with  reference  to  any  complete  basic  system  (Q), 
it  does  not  imply  that,  for  any  complete  basis  (Q),  the  space 
<£^  is  a  "faithful  representation"  of  -t £      xf  this  is  the  case 
we  shall  speak  of  (unqualified)  identification.  More  precisely, 
identification  is  said  to  be  possible  if,  for  every  two  com- 
plete basic  systems  (P)  and  (Q),  jriven  any  fn(x)  e  •£*.  '  there 
exists  a  sequence  of  integers  m  (n=l,2,3, . . . )  such  that 

Remarks . 

(5«6)   If  identification  is  possible,  so  is  semi-identification. 

(5*9)  As  a  simple  consequence  of  Theorem  A,  one  may  derive 

Theorem  B.   Identification  is  possible. 

Proof;  From  Theorem  A  it  follows  that  cylinder  functions  are 
invariant.  Hence,  if  f^n(x)]  e  «^i   where  the  f  are  cylinder 
functions;  and  (Q)  is  any  complete  basic  system,  we  have 

^;l|rn-Q%llro 
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for  eash  n.   Therefore  we  may  choose  m  such  that 


and  hence  _ 


lim  ||  f  -  Q  -fJU=  0  • 


n— >co 


n 


"■■*■ 


8  6  •   The  Fundamental  Inequality 

The  heart  of  the  proofs  of  Theorem  A  and  related  state- 
ments and,  indeed,  the  essence  of  the  whole  theory  is  contained 
in  the  following 

Main  Lemma:   Suppose  f(x)  is  a  cylinder  function  with  base  in 
P,  f(x)  tZ at:Q\    is  any  simply  complete  sequence  of  projections. 
Then,  for  n  sufficiently  large, 

C6.1)  HQnflf   <2  II fit  •  I 

Proof:  The  first  step  is  to  show  that  ||Qf |L  may  always  be  cal- 
culated in  a  space  of  dimension  <  dim  P.  Set  S  ^  QP  (see  V§1) 
30  that  in  particular  S  <■*  Q,  dim  S  <  dim  P,  and  SQP  =  QP. 
Since 

(x,PQSy)  *  (SQPx,y)  =  (QPx,y)  =  (x,PQy)  I 

we  have 

(6.2)  PQS  =  PQ 

Since  S  *  Q,  we  have  03  =  S,  so  that  (6.2)  implies 

(6.3)  PS  -  PQS  . 
Hence,  since  f(x)  =  f(Px),  we  have 

f(Qx)  =  f(PQx)  =  f(PSx)  *  f(Sx)  , 

eo  that  f(Qx)  =  f(Sx)  is  seen  to  be  a  cylinder  function  with 
base  in  S.  Consequently, 
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Next  we  have 

(6.U)  llSf  1^  =    J    |f(PSx)|a  expt-  |  Bx|p]dsx 

S 

<  J  |f(Px)|a  exp[-  |  llPxlPjdgX  . 
S 

Since  PS  =  PQ  we  have  SP  =  QP.  Therefore,  since  Qnx  -*xaa 
n  ->  co  ,  we  have  dim  QnP  -^  dim  P  and,  hence,  for  Sn  ~  QnP, 

dim  SnP  -^  dim  P  . 

Consequently,  for  n  sufficiently  large,  we  have 
dim  SnP  =  dim  QnP  =  dim  P.   Since  dim  Sn  >  dim  SnP  we  have, 
therefore,  dim  Sn  >  dim  P  for  n  sufficiently  large.   On  the 
other  hand,  dim  Sn  <  dim  P.  Hence  we  have 

dira  Sn  =  dim  P   • 

Assuming  n  is  large  enough  we  are  in  a  position  to  make  a 
change  of  variable  in  (6.1j.);  y  =  Px  for  x£Sn. 

Fixing  a  basis  for  P  independently  of  n  and  choosing  bases 
for  each  Sn,  we  may  represent  the  transformation  y  =  Px,  x  * Sn, 
by  a  matrix.  Let  /\  be  the  determinant  of  this  matrix.  Then 
the  integral  in  (6.1j.)  becomes 

I  A;1  I  f  If(y)|a  expt-  |||y l^dpy   . 
P 

Now,  since  /V   is  the  determinant  of  the  matrix  representing  the 
transformation  PSn  of  Sn  into  P,  it  is  also  the  determinant  of 
the  transposed  transformation  SnP  of  P  into  Sn.  Since 

(PSn)(SnP)  =  PSP  =  PQnP  , 

we  have 

/\£  ■  det  (PSn)  det  (SnP)  =  det  (PQnP)   . 
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Now,  as  n  ->  oo  ,  PQnP  -*  P  so  that  A?  ••*  1.  Hence  I Al1 1  ->  1 
and  (6,1)  follows  for  n  sufficiently  large. 

Corollary;  If  f(x)  is  a  cylinder  function  with  base  in  P  such 
that  f(x)  e«c£  then,  for  all  sufficiently  large  m, 

f(Qnx)  ej£ 

§  ?.  Proof  of  Theorem  A. 

In  carrying  out  the  proof  of  Theorem  A  it  is  most  conve- 
nient to  make-  use  of  the  following  notion. 

Definitions  A  set  £  of  cylinder  functions  in  Zt„   is  said  to  be 


dense  if,  for  any  given  cylinder  function  with  base  in  P  such 
that  f(x)  ecjf  ,  and,  for  any  given,  c  >  0,  there  is  a  cylinder 
function  g(x)  with  base  in  P,  g(x)eCAl!  ,  such  that 

(7*1)  "|f  -  gllp  <  e  . 


mma  7«1»  If  there  exists  a  dense  set  C  of  cylinder  functions 
each  of  which  is  completely  invariant  then  Theorem  A  holds. 

Proof;  Let  f(x)  be  a  cylinder  function  with  base  in  P, 
f(x)e^,  and  let  (Qn)  be  any  simply  complete  sequence  of  pro- 
jections. Set  Br1  "  (P©Qn).  Given  6  >  0,  choose  a  function 

.p 

g(x)   in  £  with  base  in  P,   g(x)    e  *Ca,   such  that 

(7.2)  llf  •  gllp  <  e     . 

Then,  by  the  above  corollary,  for  n  sufficiently  large, f(Qnx) , 
g(Qnx)  e  Z„*     Hence  by  the  fundamental  inequality  (6.1)  we  get 

(7.3)  lQnf  -  Qngll  '<  2e  • 

Q 

Also,  for  n  sufficiently  large,  since  g(x)  is  completely 
Invariant , 

(74)  llg  -  Qn6ll  <  e  . 

Then  combining  (7-2), . (7»3)#  and  (7.1+)   we  have 
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If  -  Qn'll  n  i  Ik  -  gll  n  +  !g  -  Qnell  n  ♦  l|Qng  -  Qnr||  _ 

Rn  Rn  Rn  Rn 

-  II f  -  gll     +  h  -  Qnell  n  -  SQng  -  Qnflln 

pn  Rn  Qn 

Hence,  it  follows  from  remark  ($.5)  that  f(x)  is  completely 
invariant. 

Thus  to  complete  the  proof  of  Theorem  A  it  suffices  to 
prove 

Lerima  7*2,  There  exists  a  dense  set  of  cylinder  functions  each 
of  which  is  completely  invariant. 

Proof ;  We  maintain  that  it  suffices  to  provide  for  each  P  with 
dim  P  =  1  a  set  of  bounded  cylinder  functions  with  base  In  P,  each 
In  TLt   and  dense  in  <£l,  such  that  each  is  completely  invariant. 

Consider  the  bounded-  functions  t[t]  satisfying  a  Lip- 
schitz  condition, 

Ittt]  -lfc[f  Jl  <  c|t  -  t»|   . 

Let  g  denote  elements  of  P,  with  ||g||  =  1.  The  set  of  functions 
f(g»x)\  is  dense  in  £     for,  according  to  remarks  (5.3)  and  (5.U)# 
sums  and  products  of  such  functions  are  completely  invariant 
and  the  functions  generated  by  such  products  are  dense,  as  is 
well  known.  Ve  next  show  that  each  of  these  is  completely  in- 
variant. According  to  remark  (5>.5)#  it  is  sufficient  to  prove 
the  relation 

B*[(g,x)]  -1((g,Qnx)]!l  n->  0   as  n  ->  a> 

Rn 

where  (Qn)  is  a  sequence  as  described  in  III  and  Rn  ~  (P®Qn). 

Instead  of  Rn  we  first  introduce  the  subspaces 

Tn  ^(P©QnP  ) 
whose  dimension  is  bounded:  dim  T  <  2  dim  P.  Clearly,  we  have 
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?Qft}n  =   PQn 
and 

PTn  =  P      • 

Hence,    for  g  and  x  in  P,   we  have 

(g,x)   =    (g,PTnx)   =    (g,Tnx)      , 

(g,Qnx)   =    (g,PQnx)   =    (g,PQnTnx)   =    (Qng,Tnx)      . 

In  view  of  Lemma  lj..l  we  may  conclude  that,  for  Rn  '-  (P  (£Qn)9 

K*[(g,x)]  -  >[(g,Qnx)]|!   =  ||fl(g.Tnx)]  -t[(QnS,Tnx)]|| 

<c  ||(g  -  Qng,Tnx)|l 

<c  lig-Qng||  ||||TnK||   || 

Since  dim  Tn  is  bounded,    J  jTnx||  1        is  bounded  uniformly  with 
respect  to  n  as  n  ->  co  .     Also,  ||g  -  Qng(l  ->  0,     Hence  we  obtain 

"    Um  IWg.x)]  -  %[(^,Qnx)3(!      =  0  (xeK). 

.  n->co  R 

Prom  remark  (5*5) »  we  may  conclude,  therefore,  that 
KKgf  •)!  *s  completely  invariant  as  desired.  Thus  Lemma  7*2 
and  Theorem  A  are  proved. 

§  8,   Sufficient  conditions  for  lnvariance. 

In  this  section  we  return  to  the  question  raised  in  re- 
mark (5*5)  on  Pa8e  8.  Though  the  problem  of  whether  or  not 
semi-Invar lance  implies  lnvariance  has  not  been  resolved,  a  few 
illuminating  fragments  will  be  discussed. 

Let  TV  denote  the  set  of  semi-invariant  proper  functions 
and  let    denote  the  set  of  "lntegrable"  cylinder  functions. 
Then  Theorem  A  provides  that  TcTT»   For  any  given  functions  f, 
let  (f+TT)  denote  the  "coset"  consisting  of  those  functions 
which  may  be  expressed  as  f  plus  a  function  of  TT.  Noto  that 
|g  -  f  II  is  defined  if  g  c  (f+TT)* 


•  v-i$ 

Theorem;     Suppose  the  function  f  Is  such  that  for  any  e  >  0 
there  exists  age  tr^(f+TT))  such  that 

llg  -  fH<  e     , 

then  f  is  integrable  and,  moreover,  invariant. 

Proof:  Given  an  e  >  0,  the  hypothesis  provides  a  cylinder  func- 
tion g,  whose  base  is  inPsuch  that  ||g  -  f||  <  e.  Furthermore, 
since  (g-f)eTT  it  follows  that  for  any  given  complete  basic 
system  (Q  ) 

(8.1)  ||Qmg  -  ^Ife  <  2e 

for  all  sufficiently  large  m.  Let  (Pn)  be  any  other  complete 
basic  system.  Since  g  Is  a  cylinder  function  it  is  invariant 
by  Theorem  A.  Hence,  by  the  definition  of  invariance,  we  have 

(8.2)  I^g  -  Png||£<  e 

for  all  n  and  m  sufficiently  large.  Also,  analogously  to  (8.1), 
we.  have 

(6.3)  l|Png-  Pnf»£<  e 

for  all  n  sufficiently  large.  Finally,  from  (8.1),  (8.2),  and 
(8.3)  we  calculate  that  for  all  n  and  m  sufficiently  large 

||Pnf  -  Qmf|U<  5e 

and  hence  f  is  invariant.  • 

Corollary:  If  there  exists  a  complete  basic  system  (P  )  such 
that 

^(1)     (f  -  Pnf)  e  TT    (n  =  1,2,. ..) 

and  (2)  f  c4Pn) 

then  f  Is  invariant • 
Proof :     For  any  given  n, 
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llf  -  Pnf||  =     lim  ||Pmf  -  PmPnf|U 

m->co  ft 

=     lim  ||pmf  -  Pnf  ||    n       . 

Bt-*K30  (Pn) 

Thus,  since  f  e  »< ^  '9   we  get 

IB.k)  lim  ||f  -  Pnf  |b  =  0 

Iir-*<0 

Prom  hypothesis  (1)  vie  have  gn  =  Pnf  e  [fnCf+TT)]  and  (8.10 
then  yields  the  remainder  of  the  hypothesis  of  the  theorem. 
Hence  f  is  invariant, 

§  9»   General  Gaussian  Measures. 

In  all  of  the  above  development  the  measures  associated 
with  the  finite  dimensional  subspace  P  was  given  by 

dmp '  -  y/H"5  expt-  ^  ||Px|]  ]dx1#...dxK 

where  K  =  dim  P«  All  of  the  above  discussion  and  results  carry 
over  without  change  if  we  use,  instead,  the  measure, 


(9.1)        d^mp  =  >AA  exp[-  (T  ||px||2]dx1,...dxK 


with  CT  >  o  fixed. 

The  question  then  arises  as  to  how  much  carries  over  if 
we  use  "complex  Gaussian  measures" 

(9.2)        dEmp  =  ^/zA  exp[-z  ||Px|r!l  dx1,...dxK 

z  fixed,  &  =  Re  z  >  0.   Though  the  formalisms  of  the  basic  set- 
up carry  over  to  this  case,  some  of  the  notions  and  results  do 

p 

not.   In  particular,  it  is  here  appropriate  to  define  f(x)eC£a 
for  a  cylinder  function  with  base  in  P  to  mean  that  |f(x)|   is 

ft* 

integrable  over  P  with  respect  to  the  d  iru  measure.     Also,   we 
define   in  this  case 

iff  lp  »    Jv/zA       J    lf(Px)|a  exp[-z  ||Px||2]dx1...dxK|? 

P 
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where  the  z  'In   the  norm  notation  indicates  the  z  used  In  the 
measure  dzmpi 

The  ms  in  result  which  carries  over  to  the  case  of  these 
complex  measures  is  essentially  Theorem  A,  in  the  following  farm 

Theorem;   If  f(x)  is  a  cylinder  function  with  base  in  P  such 
that  fe  £     then  f(x)  is  completely  invariant. 

Proof:   Given  a  simply  complete  sequence  of  projections  (Qn), 
we  wish  to  prove  that 

lim   ||Qmf  -  QnfJU=  0  . 
mfn-^co  (i. 

To  obtain  thi-s  it  clearly  suffices  to  prove  that 

(V-3)  lim  flf  -  Qmf  1U  =  0  . 

m-^co  /c 

As  was  done  in  §6,  and  §7#  it  is  easily  seen  that  for 
Tm  -  (P(t>QmP)  we  have 

Iff  -  Qmf|U  =  ll(Tmf  -  TmQmf)llm 


*  T 

/dim  Tm} 

<   (M)         *  ||Tmf  -  TmQmf||  . 


TJ 


Since  dim  Tm  <  2  dim  P  and  f  is  completely  invariant  in  the 
theory  of  the  measures  d°mp,  it  follows  that  the  right  side  of 
the  above  inequality  — >   0  as  m  ->  co  •  Hence  (9.3)  follows, 
which  completes  the  proof  of  the  theorem. 
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Chapter  VI 

A  Property  of  Gaussian  Measures 

8  1.   Introduction. 

In  the  development  of  a  theory  of  integration  over  Hilbert 
space  utilizing  the  Gaussian  measures  heavy  use  is  made  of  the 
unitary  invariance  of  such  a  measure  over  a  finite  dimensional 
Euclidean  space.   The  use  of  the  Gaussian  measures  Is  in  fact 
dictated  by  a  desire  to  have  this  property  of  the  measure. 

We  now  propose  to  prove  that  the  property  of  unitary  in- 
variance characterizes  the  Gaussian  measure  among  all  normalized 
product  measures.   More  precisely,  we  shall  prove: 

Theorem:  Let  E_  be  n-dimensianal  Euclidean  space,  and  for  a 
given  coordinate  system,  x  =  (x,,...,x  ),  consider  the  measure 

li(dx)  =  dP1(x1)  ...  dPn(xn) 

where  the  F,  (i  =  l,...,n)  are  certain  distribution  functions. 
If  we  assume  that  t:(dx)  remains  invariant  under  all  unitary 
transformations  of  E^,  then  for  some  <r, 

Pl(c)  =  p2(c)  =  ...  =  Fn(c)  =  ^  JB"»[^rJ*»  • 

8  2.   Proof  of  the  Theorem 

Since  (i(dx)  must  be  invariant  under  a  transposition  of 
two  of  the  coordinates  it  follows  easily  that  all  the  Fj(x)  must 
be  the  same  distribution  function  F(x). 

Thus  it  suffices  to  prove  the  theorem  in  the  case  n=2,  in 
which  case  we  denote  the  coordinates  by  x  and  y.  Consider  then, 
for  any  w,  the  set  A  =  -f(x,y):  y  <  wj .  Given  any  pair  of 
real  numbers  a, (3  such  that  a  +p  =  1,  the  unitary  transformation 


carries  Aw  into 
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Aw  a  ((x'y':    ax  +  Py  <  »\   • 


Since  A.,  and  A*  must  have  the  same  measure  we  obtain 
w      w 

'(2.1)         P(w)  =   |J    aF(x)pP(y)    . 

ax+py<w 

I  ^°°      itx 

Letting  i(t)  =      l        e       dF(x),    the   characteristic   function  of  P, 

(2.1)  implies  that 

(2.2)  4(t)  =  4(at)4(pt) 

2      2 

for  all  a,p  such  that  a  +p  =  1.  Taking  a  =  -1,  p  =  0  yields 

in  particular 

(2.3)  4(t)  =  <J(-t) 

Taking  t  >  0  and  setting  u,  =  at  and  v  =  pt,  (2.2)  yields 

f(u)<Kv).  =  n  /u2+v2) 

or 

i(  ^/u)<K  >/v)  ■  4(  yu+v)  ,         u,v  >  0  . 

Setting  g(u)  =  i(  y/u) ,  we  obtain 

(2.U)  g(u)g(v)  =  g(u+v)   ,      u,v  >  0  . 

Since  <f(u)  is  continuous,  it  follows  that,  for  u  >  0,  g(u) 
is  a  continuous  solution  of  (2.1|.).  Hence,  as  is  well-known, 
for  u  >  0 

g(u)  =  e"Xu 
and  consequently  2 

(2.5)  4(u)  =  e-Xu   ^ 

Though  (2.5)  has  been  derived  for  u  >  0,  by  12.3)    it  extends 
immediately  to  all  real  u. 

But  e  u  is  precisely  the  characteristic  function  of  a 
Gaussian  distribution  with  moan  0  and  variance  J2\.     Since  a 
characteristic  function  determines  a  distribution  function 
uniquely  at  its  points  of  continuity,  it  follows  that  P(x)  must 
be  this  Gaussian  distribution. 
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Cnapter  VII 

The  Integration  of  Polynomial  Funct5.onr.l3 

The  simplest  kind  of  function  f [ • ] ,  defined  for  elements 
x  of  a  real  Hilbert  space  K,  for  which  the  integral  (see  Chap. I) 

«co      -w-(x,x)     6xe 
1(f)  =  J   fix]  e  2      TTS  ~ | 

can  be  ovaluated  are  polynomials # 

We  shall  first  define  homogeneous  polynomials  of  degree  r- 
for  short,  l!r-icsM •   To  define  such  polynomials  we  may  employ  a 
representation  of  H   by  the  set  [<)>(•)]  of  the  real-valued  func- 
tions of  finite  norm  vhere   the  unit  form  is  given  by 

<X,x)     =    ||x|i2=     f   <J2<S)     U(ds)     <    OD 

v.'here  <J>  is  the  function  representing  the  element  x  of  A.  Let 
£(s-j»..s-)  be  a  square-intrsgrable  function  of  the  r  variables 
s^, . . .  ,s   so  that 

...j  t   (s^. .  .s  )ii(ds^) . .  .ii(dsr)  <  cd  • 

Then  every  .x  e  /l  is  represented  by  a  square-integrable  function 
cj(  * )  and,  for  every  such  x,  the  functional  >(![x]  given,  in  this 
representation,  by  the  integral 

Z[x]  =   •••   ^(s^. .  .sr)4(s1) . .  .<t(sr)|i(ds1) . .  .^(dsr) 

(1)  (t)       n 

is  defined  and,  similarly  for  x   ,  ...,x  '  t   Kt    the  associated 

multilinear  form 

£[x(1).„X(r>]  =  L.  J/.(s1..8r)(t(l)(s1)...(J(r,(9r)^(dS1)...n(dSr) 

is  well-defined. 

It  is  well-known  -  and  easily  proved  -  that  the  form  l[x] 
is  independent  of  the  particular  representation  of  /t  by  func- 
tions |4|.   Thus,  /t(x)  may  bo  regarded  directly  as  a  functional 
©n /J  -  a  fact  anticipated  by  our  use  of  the  notation  M/[x]". 
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Similarly,  J?[x  '...x*r']  may  be  regarded  directly  as  a  func- 
tional of  the  r  elements  of  &  9   yr    ',  . . .  ,x*r'  • 

A  polynomial  Pn(xJ  of  degree  <  n  may  now  be  defined  as  a 
sum, 

n 
Pntxl  ■  HZ  iJx)   , 

of  monomials  of  decree  r  (r-ics)  where  t     is  simply  a  constant. 
Such  polynomial  functionals  were  called  "regular**  by  Gateaux. 
Note  that  there  exist  non-regular  polynomials  as,  for  example, 
the  unit  form  (x,x).  We  shall  not  be  concerned  here  with  the 
integration  of  such  non- regular  polynomials. 

Instead  of  evaluating  the  Integral  I(p)  directly  we  shall 

p 
first  evaluate  the  square -Integral  I(p  )  and  the  integral  I(qp) 

of  the  product  of  two  such  polynomials.  The  Integral  I(p)  can 

then  be  obtained  as  I(qp)  with  q  =  1. 

According  to  its  definition  (ill  ),  the  Integral  1(f)  is 
to  be  evaluated  with  the   aid  of  a  basic  system  (P)  of  projec- 
tions P**. 

We  naturally  employ  a  representation  of  the  element  x  by 
a  function  <f(#)  such  that  the  element  P,rx  is  represented  by  a 
piecewise  constant  function 

rt  -^  .^(i)  =  fc"     for  s€  J" 

where  ^  is  an  interval  of  a  partition  f     and 

V 

or 


<•  J 


,4(>)|i(4a)/A' 


with 


Vs5  L^W»)-^v) 


Then  f ( • ]  Is  integrable  relative  to  the  basic  system  of 
projections  (P)  -  or  "(P) -integrable"  for  short  -  if 

.  "  I(P>  (  |P*f  -  P^f  I2)  ->  0    as<r,*->co. 
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t  p)     ? 

The  value  of  the  Integral  V    '(f)   is  now  def  ,ied  by 

I(P>(f2)  =  llm  I^p'r2'  . 

(T— ^00 

If  f  =  £[•]  is  an  r-ic  we  have 
P  flxj  ^  f[P  x]  = 


1?77v/v1«.vr  \-\  AVl~.AV] 


v,  ...v_   '1"  r   1    r    1     r 
with 


f     f 


V. 


Let  r  be  a  refinement  of  i    •  Then  the  functional 
f[P  x],  which  is  a  cylinder  functional  with  respect  to  P^,  ts 
also  a  cylinder  functional  with  respect  to  P*T  ConsequenMy, 
the  integral  I   is  defined  for  |P?-P  :H  ,  and  we  have 

i(p><|p*"f  -  prfi2>  =  i^ip^f  -  pcri2)  . 

We  confine  ourselves  at  present  to  evaluating  the  integral 
of  the  square  of  a  form,  £[i]   =  f-Jt^*   °^   se^ond  degree. 

First  we  assume  l[$ )  to  be  a  cylinder  functional  with  res- 
pect to  P; 

Then  we  find 


».[..fc  ^^^v.-^^tt 


Using  the  formula 

1..2 


f,2k  -S**  /~a  dr  -  (2k) » 


.valid  for  k  =  0,1,2,..,  we  find 


I(p)(£2)  =  g-  ivv^^  ♦  2  r:  J^A*  ♦  3  OvvAv) 


-   (H  'vv^v)2  +  2  2Z  Jfy.aAvAa 
v  v,n        »*  p 


vn-i* 


This  result    nay  be  written  In  the   form 

(*)      I(P)<£2)  =  2|J£2(s1,s2)li(ds1)^(ds2)   ♦   [f  4(s,s)uXds)]2   . 

Naturally,  one  expects  that  the  same  formula  ( #)  holds  for  forms 
/[x]  of  the  second  degree  which  are  not  cylinder  functionals. 

It  is  clear  that  formula  (15)  may  be  applied  as  it  stands 
to  the  cylinder  functional  |P  JL   -  P£|  .  Hence  we  have 

1{B)(\?X    -   P^|2)  =  2JJ  ((P^i  -  P*i)2](s1,s2)^ds1)n(ds2) 

♦  (J[<P^  -  P°i)2](3,s)n(ds)]2   . 

Prom  the  square  integrability  of  the  kernel  of  the  form  -c,  It 
Is  clear  that 


j; 


><r.,,2 


as  C%1  ->  co 


[{?£   -  P<2)':](s1,82)n(ds1)|i(ds2)  ->  0  as  &aZ  -*  co 

Suppose  that,  in  addition,  the  relation 

(**)   J  [(P*/  -  P*2)2](s,s)u.(ds)  -*  0 

is  valid.  Then  we  can  conclude  that 

■■I(?)(|P^-  Pril2)  ->  0      as<r,r-»co 

and,  hence,  that  the  f orm /[  •  3  is  square  inteftrable. 

Relation  ( **)  implies  that  the  sequence  J  P  t(s  ,s)n(ds) 
has  a  limit.  Naturally,  we  shall  employ  the  notation 
Nf /(s98)(i(ds),>  for  this  limit; 

j  (P°2](s,s)u.(ds)  ->fi(s,sMds)   . 

Formula  ( #)  then  would  hold  for  the  form  *[•]• 

Thus  we  are  led  to  investigate  the  conditions  under  which 
relation  (#*)  holds.  Since  the  integral  j  /  (s,s)p.(ds )  is 
called  the  "trace"  of  the  format*], 


Tr  I   =  j  i(s, 


S)|i(d8) 


II 


we  may  also  as'f :  does  the  form  L  Dossess  a  trace?  If  so  the 
form  will  be  c filed  "traceable"  '*'. 

Obviously,  there  are  forms  which  do  not  possess  a  trace, 
since  there  ai*  functions  JL(s,,s9)  for  which 

nt*     P  On 

L   (s-i  ,Sp)ji(d5,  )^(dsp)  Is  finite  but   ^(s^JuCds)  is  not. 
However,  even  if  the  trace  exists  something  may  happen 
which  we  should  like  to  exclude.  Namely,  it  may  happen  that 
the  trace  depends  on  the  choice  of  the  basic  system  (P)<   In 
this  case  the  value  of  the  integral  I(£  )  would  also  be  depen- 
dent on  this  choice.  Suppose  the  function  /(s,s)  i3  singular 
ir.  such  a  way  that  the  integral  is  only  conditionally  convergent. 
Then  we  know  that  the  value  of  the  integral  may  be  altered  by 
appropriately  rearranging  the  sequence  i F^j .   In  order  to  ex- 
clude this  occurrence  we  require  that  the  function  Jt{sts)   be 
absolutely  integrable, 


1  '4 


s)  (ii(ds)  <  co 


If  this  holds  we  shall  say  the  form  I [  •  ]  is  "absolutely  trace- 
able". 

This  requirement,  however,  is  still  insufficient  to  en- 
sure the  independence  of  the  trace  from  the  choice  of  the  repre- 
sentation. We  consider  the  following  counter-example. 

Let  each  element  x  of  the  space  be  represented  by  a  se- 
quence , 


with 


|yi*zX'y2,z2#,#} 


and  consider  the  form 


llxll  =  5Z  lyy  +  *VJ 


$ 


T'W'I     I  ■■  ■».,  ...I.  I,  -—  .  -,.^,.»»~.  — —- .  I  .. ,,.  ,«..,.,.   ■  ,. .,   ., 

*  '  The  term  "betraced"  has  been  suggested  as  being  more  appro- 
priate than  "traceable".  This  would  be  so  if  one  imagined  the 
trace  as  something  put  on  the  form,  we  prefer  to  think  of  the 
trace  as  being  what  is  "left"  after  a  certain  operation  has  been 
carried  out. 
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&*J  =  EI  Uv(y$  ♦   z2v)   ♦  2yvzv] 

OP 

where   e     >  0  for  v  =   1,2...   and  21     c     <  <d  .     Evidently  then, 


v=;   v 


Tr  I  «  2  >   e  <  co  . 
t£I  v 


We  may  also  write  H[x]  in  the  form 


j?i 


00 

v=l 


(y  +z  )2         (y  -z  )2 

(1  +  €v)  -^ (1  -  €y)  2 " 


yv+2v        ^v~zv 

and,  introducing  jjv  =  and  £  =  as  the  components 

of  a  new  representation  of  the  element  x,  we  may  so  choose  the 
order  of  these  new  components  that  the  trace  of  JL  is  arbitrarily 
close  to  the  number  • 

a(X(ll)=  [r^d*S)  -^d-ev)j 

with  arbitrary  X  and  \i»     Thus,  here  the  trace  does  depend  on  the 
coordinate  system.   In  other  words,  the  trace  does  not  converge 
absolutely  with  respect  to  the  new  coordinate  system. 

If  the  trace  of  a  form  is  independent  of  the  choice  of  the 
representation  it  will  be  called  "invariantly  traceable".   If 
the  form  a  has  this  property  the  evaluation  (15)  of  I(/  )  holds 
independently  of  the  representation. 

A  necessary  and  sufficient  condition  for  invariant  trace- 
ability  can  be  given t  The  form  A.  can  be  written  as  the  differ- 
ence 

i[x]  =  *+lx]  -  ('Ix] 

of  two  traceable  positive  bounded  forms,  x  and  JT • 

Proof:   It  is  well-known*  '  that  the  trace  of  a  positive 
form  Is  invariant.   The  same  is  true,  therefore,  of  the 


Von  Neumann,  Math.  Pound,  of  Quantum  Mechanics,  Chapter  11. 
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difference  of  two  such  forms.  Conversely,  let  the  form  /[ • ]  be 
invariantly  traceable;  then  this  form,  being  bounded,  can  be 
diagonal!  ssed  in  the  form 


ilx]  =fx(s).)2(s)il(ds) 


where  Yj  ( * )  is  the  representor  of  x  in  another  representation. 
Fr©m  the  invariant  traceability  of   one  concludes  that  in  this 
representation,  too,  the  absolute  trace  exists: 

|X(s)  ln(ds)  <  co 


J 


Sine;.-   the   trace  exists   also  with  respect   to  the  diagonal  repre- 
sentation we  have 


TrJ?=  J    X(s)ii(ds) 


It  is  then  clear  that 


where 


J   X(s)ii(ds)  <"  oo  and   J   -X(s)ji(ds)  <  co 
X>0  X<0 

from  which  it  follows  that  JL  can  be  written  as 

/[x]  =Jx+(s)r!2(sMds)  -  \    X-(s)>)2(s)^(ds) 

X~(s)  =  |  |X(S)  +  |X(s)||   . 

* 

It  is  immediately  clear  that  the  terms  L"    are  bounded  and 

positive. 

It  will  be  necessary  in  the  following  to  introduce  the  no< 
tion  of  the  trace  of  a  form  of  higher  than  second  degree.  To 
the  w-lc  form  /[•]  =  Z   [ • J  we  assign  the  multilinear  form 

=  [  ...  f«8l...8In)<t  (1)(31)...4(m*2)^)*(1,(3m.1)*(2,(3m)ti(d31)  ...HWSJ 

where  x*1'  «-*•  j[lU')   end  y^'  *-*  *(J)(*).  We  note  that 
£{x(1*...y(1',/2')  ie  bilinear  in  y'X)  and  y<2)  and  denote  by 
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Tr  L   the  trace  of  this  form  with  respect  to  y*  '  and  y*  '  , 
(Trjt)[x(1),...x(m-2)J 

=  f  "  I(s1...Sni^2,S,s)4(l,(s1)...(J(m"2)(sm-2)'rl(dS1)...ti(d3m-2)tl(ds)) 

which  Is  evidently  itself  an  (m-2) -ic  'form.   If  this  form  is  in- 
dependent of  the  representation  we  call  £[*]    invariantly  trace- 
able; if  all  the  forms,-  i,   Tr  t ,  (Tr)2/, . . .  (Tr) tlT1//2]  'H  -   are 
invariantly  traceable  we  call  t   "totally  invariantly  traceable". 
Incidentally,  any  product  of  bounded  linear  forms  is  totally 
invariantly  traceable. 

A  simple  formal  computation  shows  that  the  integral  of  a 
form  /pir  of  degree  2k  is  given  by  the  formula 

I(t>k)  =  (2k)  I  [(Tr)kil]/2kki 

If,  in  particular,  we  take  iL  as  the  square  of  a  form  I     of 
degree  m  we  get,  after  some  computation,  the  formula 

2    [m£]     >m-2k    fm-2k 
«iB)  ■  £  Cm#k  J    CBjkJ    A(tr..tm^2k]u(dt1) >Mdtn_2k) 

where         ^ 

A^tl,,,tm-2k  =  1   '81»V'  '•sk'sk,tl',,tm-2k'^^dsl'***^^dsk' 

In  which  the  C  .  are  positive  coefficients  among  which,  in  par- 
ticular, C  q  =  ml . 

In  many  respects  it  is  more  appropriate  to  consider  "Her- 
mits polynomials"  in  place  of  monomial  forms.   In  order  to  define 
Hermite  polynomial  functionals  it  is  convenient  to  introduce  the 
symbolic  operator  6/u.(ds)S<J(s)  which  transforms  the  m-lc  form 

/^[x]  =  J  -.1  /(s1...sm)<}(s1)...<J(sm)n(ds1)...ji(dsm) 

into  the  (ra-l)-ic  form,  with  parameter  s, 

|l(d8)64(3)/mU]  =  mj"j  MV««w.r»)*bl)-4^B.x)l»W81)...|i(<JaB.1)  • 
The  operator  symbolically  written  as 
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n  r         *        12 
t  = 


=  J  [  ?Td?!TBifri7  J  ti(ds)  ' 


which  is  the  analogue  of  the  Laplacian,  then  yields  a  multiple 
of  the  trace : 

L  lk   =  k(k-l)[Tr  £k)      . 

We  use,  too,  the  symbolic  expression  i.[x   -  -g— ]  for  the 
form  obtained  by  substituting 

[*(sv'  -  irra^fn^j 

for  each  <t(s  )  in  the  integral  expression  for/[x]  and  then  sub- 
stituting zero  for  the  operator  6/V(ds)6c(>(s)  if  it  does  not  pre- 
cede a  function  4(')»   Thus  in  particular, 


=  ^[x]  -  J  £(s,s)^(ds)  =  X2[x]    -  Tr  tz      . 

Now,   to  each  m-ic   /    we   assign  an  "He rmite   polynomial" 
functional  H>L  by  the  prescription 

Thus,    for  example,   we  have 

H/0(x]   =  iQ  , 

H^fx]   =  ix[x]  ,    and 

*    H^[x]   =  lzU]   -  Tr  jt2   . 

[n/2]    (-l)knl(Tr)k/   (xj 

H4txJ  =   rz  — c Q — 

*t^U  2Kkt(n-2k-M)! 


) 


In  general 


Assuming  that  both  the  homogeneous  functionals  /  and  &  are 
totally  invariantly  traceable  we  can  evaluate  the  integral  of 
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their  product.  Let  /  and  /  have  degrees  m  and  n  respectively. 
Then,  abbreviating  6/ii(ds)64(s)  to  6s,  we  have 

I(h|h?)  =  J  /(  ^(s1.Msm)[<Ks1)-6s1]..[4(sm)-63m]^(ds1)..^(dsm)\. 


n 

1  ^   -*|<l2(s)ii(ds)     -r-T-j-T 

,(dsro+1,...ll(dsm+n)|  .  e  »  TTS  /^   64(s, 

=J   A(s1».Sm)/(sBrtl-sl^n)K(s1...sn+n)li(ds1)  ...ti(dsm+n) 


where 


poo  * 

..*'««17l^*,    .   . 

Observing  that  K(s,  «.s^.  )  is  the  integral  of  a  functional 
which,  as  it  depends  on  tne  values  of  i{*)   only  at  the  points 
s,  ... s    ,  is  a  cylinder  functional,  we  may  write  K  as  a  finite 
integral ; 

>ra+n 


Fsm+ll 


K<8l-sm+n>  =  |   {t4(s1)-6s1].-j|"[<Ksm+1)  - 

o  /p,(ds.  ) 

•  «*P  S-  Ek  $Z<akWdsk)]  TTk  /  — gs*-  6<Ksk) 

Observing  farther  that  each  <t(sk)  is,  here,  simply  an  in- 
dependent variable  (noting  that  if,  e.g.,  s^Sp  then  4(s,)  and 
i(so)  are,  of  course,  the  same),  we  replace  <f>(s^)  by  £.  (keep- 
ing necessary  identifications  in  mind)  and  similarly  replace 
"6s^   =  6/^(ds.  )6<i(sk)  by  d/d£.  .  We  recognize  that 
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are  m-th  and  n-th  degree  multi-dimensional  Kermite  polynomials 

respectively  (which  we  denote  by  H  and  H  ).  Then 
*  *  m     n 

K(sl-sm+n)  " 
]_HB(C1...€m)Hn(€M+1...€K+n)e        k  Vk  /  r-jgS-  **  • 

Prom  the  theory  of  mult i -dimensional  Hermite  polynomials  we  con- 
clude that  K  will  vanish  unless  m  =  n  and  each  variable  appear- 
ing in  H  may  be  paired  with  (i.e.  -  is  identical  to)  a  variable 
in  H  and  vice -versa  as,  for  example,  s,=  srrrt.v«**»sm:::  sm+n^~s2m' ' 
Then 


I\  V  S  n    0«»  S__  t  S  »         INOi  J       — 

l       m     ii        l., 
1  m 


Hm(*l~f-m,e  TTk/  -5n—  d€k 


-  1 

where  {in  •••*,«)  is- any  permutation  of  ll...mv.  As  there  are  ml 
such  permutations  (and  as  we  have  assumed  the  kernels  £(s,...s  ) 

/v  x    in 

and  /(s,...s  )  to  be  symmetric  in  all  variables),  we  have 

Kulnl)   =  mil  Jc(s1...sm)i?(s1.MSm)ii(ds1)...ii(dsm)   . 

In  other  words,,  two  Hermite  polynomial  functionals,  H{[x]  and 
Hi[x]  are  orthogonal  to  each  other  with  respect  to  the  unit  form 
given  by  the  integral  I(*)  if  their  degrees  are  unequal  or,  even 
If  the  degrees  are  the  same,  if  the  kernels,  2(... )  and  /(...)» 
are  orthogonal  to  each  other.  Since  this  orthogonality  property 
characterizes  the  Hermite* polynomials  of  one  variable  or  any  fi- 
nite number  of  variables  (for  which,  also,  an  analogue  of  the 
formula,  H/[x]  =/(x  -  J~],  holds),  the  name  "Hermite  polynomials" 
for  the  functionals  here  introduced  appears  Justified.   (For  a 
somewhat  different  description  of  these  polynomials  see  "Mathe- 
matical Aspects  of  the  Quantum  Theory  of  Fields"  by  K.  0. 
Friedrichs;  Interscience,  1953*  p. 52  et  seq.  and  the  references 
given  there. ) 
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The  advantage  of  working  with  Hermite  polynomials  is  this; 
Suppose  two  functionals,  f [ • ]  and  f[«],  admit  expansions  of  the 
form 


*v» 


ftx]  =  EZ  ^T  H?m[x]         and         f[x]  =  J~  X  HiUx] 

(We  note  that  in  the  expansion  the  kernels  of  the  forms  play  the 
part  of  expansion  coefficients.)  Then  the  integral  of  the  pro- 
duct is  given  by 

a~    ,  °°  i  nmA         rf 

1<ffl  "Sir    ^»1«iA('r'>ld'i'-i,(4,»)    • 

m-u    j 

In  fact,  this  formula  could  be  used  as  a  definition  of  the  in- 
tegral !(•)  which  is  a  priori  independent  of  the  representation 
of  the  element  of  A   by  functions  since  the  products  (*-<£«)  are 
(see  K.O.  Friedrichs,  loc.  cit.  and  references  there). 

There  are  other  uses  of  the  expansion  with  respect  to 
Hermite  polynomials.   For  example,  a  Fourier  transformation  for 
functionals  can  be  described  very  easily  with  the  aid  of  such 
an  expansion.  The  Fourier  transformation  should  be  applied, 
not  to  functionals  which  are  square  integrable  with  respect  to 
the  integral  !(•),   but  to  functionals  f [ • ]  which  are  square  in- 
tegrable with  respect  to  the  translation  invariant  integral 
J(*)  (see  I-  9 ) •  We  may  also  say  the  Fourier  transformation 
should  be  applied  to  functions  exp[-  r(x,x))f[x]  where  f(x]  is 
square  integrable  with  respect  to  I(#)«  Here  we  have  assumed 
the  exponent  entering  the  Gaussian  measure  is  -w(x,x).  Had  it 
been  -a(x,x)  we  would  consider  £[x]   =  exp[-  |(x,x)]f[x]  as  the 
square  integrability  of  f  with  respect  to  I(')  would,  then,  en- 
sure the  square  Integrability  of  f  with  respect  to  JC-)* 

Let  4(0  represent  the  independent  variable  x  of  f[x]  and, 
similarly!  let  Hf(«)  represent  the  y  in  the  transform, 
gty]  =  (Of)[yJ.  We  write  the  inner  product  for  the  representa- 
tions as;  V 

(x,y)  =  i*V  a  |  4(a)¥(s)n(ds)  #   etc. 
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We  also  wr  ",e,  somewhat  inconsistently,  f  =  f(4]  and 
g  s  ff^J*   We  thii  write  the  transformation  in  the  form 

<of){«]  m'J?  *  J  ■,***'■' tHu'r'*  TT.y^^e-K")  • 

We  have,  here,  :nosen  the  exponent  ^^4c|>  rather  than  itjr<$  be- 
cause the  subsequent  formulas  become  more  elegant.  [Gl  =  1.] 

The  Integral  on  the  ri^ht-hand  side  may  be  regarded  as  an 
integral  of  the  same  type  as  I(»)  but  with  a  =  j-  instead  of 
a  =  £.   For  this  reason  it  was  necessary  to  use  the  factor 

/^3  E  instead  of  V^ffi^  with  the  differential.   Only  for  ra- 
ther special  functionals  f  can  one  expect  this  integral  to 
exist.   Still  the  transformation  can  be  given  a  meaning  for  all 
square  lntegrable  elements  and  for  the  ideal  elements  they 
generate. 

To  indicate  how  this  can  be  done  we  assume  that  the  func- 
tional f [ • ]  admits  the  expansion  with  respect  to  Hermite  poly- 
nomials, 


Before  defining  its  transform, 

gU]  =  (Gf)U)   , 

we  assign  a  transform  to  the  Hermite  polynomials  Hi?  .   In  doing 
this  we  guide  ourselves  by  the  formal  expression  given  above. 
Accordingly,  we  set 

(0H^mH*]=  e*r*j  e**'4  ."5*\t4<.>-ttrrr.^P 6i{3)- 

Now  we  obviously  have  the  identity 


» 

and,  more  generally, 


fi  6  6  1  ~T7$*i+'gy'i 

-|4-^4-4  r  6 


u(ds)6<Hs7J 


qlil 


for  any  q[<J).     Therefore  we  may  write 

1  ..  .  .  aCO 


Now9  formally,  for  any  q(4>^)  which  vanishes  as  4(s)  — ~*  +  oo  , 

r00 

J   n(da)64(s)  q^>^TTs6(t(s)  =  0  . 

Employing  this  formula  m  .times  we  find  that  the  term  ;  ,\^i   in 
the  argument  does  not  alter  the  result.  Consequently  we  may 
write 

mb»  -  &\[b-  *pfclf  >-4*"4  V.  yw  "■•' 


J*'*  #  ft-    '«    e    1  -{♦•* 

.  r  .  n        by  the  identity  on  (VII-13) 

■  U1*  -  1iiFkl1 

and,  finally. 

We  may  now  employ  this  simple  formula  to  define  the  Four- 
ier transformations  for  any  functional  f  possessing  an  expansion 
in  Hermite  polynomials.   I.e.,  if 


ra^C  mi       m 

we  define 

00      *D1 

gty)  =  (Gf)[y]  =  ZZiT  BUx] 


More  precisely  we   should  say   in   this   case   that 


e 


-jj(x,x)  ro    1m 


m=< 


H/  [x] 

ml        ra 


is   the  Fourier  transform  of 


e 


-|j;{x,x) 


fix)      • 
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VIIH 
Chapter  VIII 

Integration  over  !Tilbert   Space   and  Related  Norms 

|MW—**'*»iwn»»irf  ■!»■!  — ■—  mi  n  *imm»iiii    ii  m  mn  lull  i     niiia»Mii>T      i    i  iiiam         i       ^^  w^w    iw        iiiwhihIh^iim        ■>■  i^m  ^   mmi^tmm 

It  has  been  seen  in  Chapter  V  that  the  system  of  defini- 
tions 
(3.D      dmp=  JH  mK  exp[-  |||Pxf|2}dpx 

defines  an  integration  space  over  Ililbert  space X*  ^n  ^he  sense 
of  Chapter  IV,  Here  P  is.  any  orthogonal  projection  onto  a  K- 
dimensional  subspace  otj\m     Thus,  in  terms- of  the  theory  deve- 
loped in  Chapter  IV,  we  may  define  the  Gaussian  Integral, 

I0(f  }«(2Ti)"KJf  (Px)expf-  ||  |Px|  |2]dpx 

p  _-co  f  p 

C8.1)  j  f (x)  ^(x)  -  (2K>TJf(x)e^2|l*1l  dx 

of  an  arbitrary  cylinder  function  such  that  f(x)=f(Px);  the  last 
two  forms  are  intended  merely  as  suggestive  viays  of  writing 
la (f )  as  a  formal  integral,  and  are  to  be  taken  to  be  equal  to 
I0(f)  by  definition. 

Now  at  this  stage,  everything  is  evidently  invariant 
relative  to  rotations  in  Hilbert  space.  More  precisely  let  ]|[ 
denote  the  set  of  all  orthogonal,  projections  P  ofj^onto  one  of 
its  finite  dimensional  subspaces.  Then,  if  U  is  a  unitary 
transformation  of^.onto  itself,  and  Pe  $  ,  then  U'^PU  «  Q  still 
belongs  to  J*  If  f  is  a  cylinder  function  defined  on  such  that 
f{x)=f(Px),  then  the  function  g  defined  oy  g(x)=f (Ux),is  also  a 
cylinder  function  (defined  onfjand  c(Qx)=g(x);  moreover, 

(8.2) 


rf(ux)ti0(dx) «  rf(x)nG(dx). 


Gaussian  integral  of  cylinder  functions  over  Ililbert  space 
has  in  addition  the  following  evident  properties: 
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(a)   If  f  >  0  then  IQ(f )  >  0 
•3)       (b)  IG(af+pg)  =  aIQ(f)  +  pIG(g) 

{©)  IG(If(*)I)  >  |lG«f)l 

all  valid  if  f  and  g  are  integrable  cylinder  functions, 

The  problem  now  is  to  extend  the  ranf.e  of  definition  of  the 
Gaussian  integral  I«  from  the  relatively  restricted  class  of 
integrable  cylinder  functions  to  more  general  cla?.  ces  of  func- 
tions defined  on  Hilbert  space*   In  chapters   IV  and  V  this  was 
done  by  first  extending  the  integral  to  a  family  of  "ideal  func- 
tions" ,  and  then  by  showing  how  a  certain  calss  of  functions 
actually  defined  onj2could  be  identified  in  various  stronger  or 
weaker  senses  with  these  "ideal  functions"*   In  the  present 
©hapter,  an  alternate  attack  on  the  problem  of  extending  the 
Gaussian  integral,  which  dispenses  with  the  machinery  of  "ideal 
functions,  will  be  outlined. 

The  general  ide.a  of  this  attack  will  be  as  follows:  we  will 
define  a. finite  or  infinite  non~negative  "norm"  ||f||  on  the 
linear  space  of  all  functions  f  defined  on^e  The  norm  will 
satisfy  ||af|!  =  |a|  ||f||  for  each  scaler  a,   and 
I fc*gl l<! |fl l+flsl !•   Consequently,  the  set  of  functions  with 
finite  norms  will  form  a  linear  subspace  of  the  space  of  all 
functions  defined  onf^;  this  subspace  may  conveniently  be  called 
the  space  of  all  normable  functions  defined  on%«  The  norm  will 

*  — —  II  II  II       I  ■    III   I  ■       I        !■  V'"' 

also  be  required  to  satisfy 
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(a)  every  integrable  cylinder  function  f  is  normable 

(b)  |lG(f ) l<  l|f(l  for  each  integrable  cylinder 
function  f  • 


Suppose  that  the  set  of  all  integrable  cylinder  functions  be  de- 
noted by  the  letter <Jl,  anc'  the  3?r  ce  °?   a^1  normable  functions 
by  the  3e  tter  F.  Then,  by  (0«l|)(b),  the  linear  mapping 
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irtlf  — >I«(f )  is  uniformly  continuous  on  the  subcpace^?0  of  P, 
and  hence  has  a  unique  continuous  extension  to  the  closure  ^-r 
of^iL  in  the  topology  of  F  determined  by  the  norm.  This 
elosure~i  will  be  called  space  of  interrable  functions)  the 
unique  continuous  extension  of  IG  from  ^q  to.Jr',  which  we  shall 
continue  to  denote  by  the- symbol  ln§   will  define  the  Gaussian 
integral-  J^Cf )  of  an  arbitr^rjy^funct^oji  f  in  *f. 

It  should  be  remarked  that  v/e  have  not  ruled  out  the 
possibility  that  j  |f  \  |  =  0  even  though  f  4  °  .-This  slightly 
anomalous  possibility  causes  no  trouble  however;  in  the  familiar 
manner  of  integration  theory,  we  simply  c^ll  a  function  f  such 
|  |f 1 1  ~  0  a  null  function,  and  identify  any  two  functions 
g  andh.whose  difference  is  a  null  function.   Since  Ilc~h|I  =  0 
implies  f|ag-ah(|  =  09   ag  and  ah  are  identified  if  h  and  g 
are  identified.  Since  j  ||g]|  -  lfh||  |  <  ||g-h|i,  ||g||=  ||h||  if 
g  and  h  are  identified.  Let  g  and  h  be  identified,  and  let 
g  e*f|  so  that  there  exists  a  sequence  g  e  Hq  such  that 
llg„-g||  — i >0,  so  that  Iplg)   =  11m  Ir(g~)  by  definition.  Then 

llgn-h||<||gn-.g||  +  ||g-.h||  =  ||gn-g||  ,  so  that  h  e-/and 

IG(h)  «  11m  lG(gn)  -  IG(sh  This  shows  that  If  g  and  h  are 
n — >  co 

identified,  and.  g  e  *-f,  then  h  e -land  the  integrals  IG(g)  and 
XG(h).  are  equals  In  this  way  we  see  that  the  identification  of 
functions  whose  difference  is  a  null-function  is  as  harmless  in 
the  present  theory  as  in  ordinary  integration  theory.  Similar 
elementary  reasoning,  making  use  of  the  triangle  inequality,  of 
(8 #4)  i  and  of  the  definition  of  as  the  closure  bfNfo*  will 
S»eadily  establish  the  following  general  principles. 

(a)  The  set*?  of  a31  integrable  functions  is  a  linear 
space  ©ontaining  the  linear  space  of  all  inte- 
grable cylinder  functions. 
(8«5)    (b)  The  Gaussian  integral  ln   is  a  linear  functional 

defSned  onHT  • 
(©)  |lG(f)|<||f j|  for  f  e  ^ 
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Suppose  in  addition  that  t he  norm  ||fll  is  known  to  V  unitary- 
invariant  in  the  sense  that  ||f  ||  =  ||-||  if  g(x)  =  f(Ux),  where 
U  is  a  unitary  mapping  of  iiilbert  snace  h  onto  itself.  Then  it 
is  evident  that  similar  elementary  reasonings  will  show  that 

(8*6}      If  f  e^f,  and  g(x)  =  f(Ux),  where  U  is  a  unitary 

mapping  of  h  onto  itself,  then  g  e«=f*  and  ^(f^^fs) 

That  is,  if  the  norm  is  unitary-invariant,  the  whole  integration 
theory  will  be  unitary-invariant* 

So  that  the  whole  problem  of  establishing  Gaussian  integra- 
tion theory  in  Hilbert  space  reduces  itself  for  us  to  the 
problem  of  finding  a  unitary-invariant  norm  satisfying  the  re- 
quirements (8«lj.)  (a)  and  (b).  We  want  to  find  a  norm,  moreover, 
that  is  as  small  as  possible:  for  the  smaller  the  norm,  the 
lar3er  the  closure -^of  the  ~iven  space  ^q  in  the  norm.  How  can 
such  a  unitary- invariant  norm  be  established? 

A  first  stab  .  would  be  to  write 

C8V7)       I  If  Kef   ln$     Vg) 

*!    g(*)>|f(OI 

(by   g(#  )>!?(•) I  is  meant  "g(x)>|f  (x)  |"  for  all  x),  and  to  put 
|f|  ■  oo  if  there  exists  no  g  e^0  such  that  g(0>|f(#)|#  This 
norm  evidently  is  non-negative,  while  the  equations 

||of||0=  |a|  ||f[|0  and  IIf+g|I0<  lUH0+Ilg|l0  follow  readily 

by  elementary  argument* tion.  Moreover,  if  f  e  «f 'Q  and  g  €-/q 

satisfies  gC)>|fC)|,  then  I0(g)>IG(  U  (O  I  )>  |lQ(f )  I  by  (8.3) 

(a),(b)  and  (c);  this  shows  that  ||  f  ||0  >|lG(f )  I  if  f  e -^  . 

Hence,  tho  norm  defined  by  (8.7),  which  is  evidently  unitary- 
invariant,  satisfies  the  requirements  (8«!j.)(a)  and  (b),  and  . 
consequently  leads  to  a  unitary-invariant  integration  theory* 
This  may  well  be  called  the  theory  of  "Riemann  Integrationf,over 
Hilbert  epacej  indeed,  the  construction  defined  by  a  formula 
axaotly  like  (8.7)  and  by  the 


^ 
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above  described  process  .of  closure   in  the  corresponding  norm 
would  *oe  found  on  Insp-icMon  to  go  from  the  class  of  piecewise 
constant  functions  defined  on  finite  closed  interval  of  real 
numbers 9  and  their  integrals  which  iray  be  directly  defined  as 
finite   suras ^  to  the  clss  of  all  Niemann- integrable  functions 
defined  on  this  interval ,  and  their  Rieraann  integral. 

The  deficiency  of  the  above-constructed  theory  of  "Riernann" 
Integration  in  Hilbert  space  is5   however #   even  more  marked  than 
the  well-known  deficiency  of  Riernann  integration  of  functions 
©f  a  real  variable •     For   instance^   take  Hilbert   space  to,  be 
represented  as  the  space^p  °^  a*^  sequences  K>~lK\ s^o$  ••  *3   such 

that  *^>"  Cf  <  cos  and  consider  the  function 

CO  «  00 

(8.8)  -'"*  -  "cr" 


This  quadratic  function(sl)   has  been  integrated  formally  in 
Appendix  III  of  Chapter  13   and  the  evident  integral 

>  Vf)  - 1 i:  «i'  L  f  yV1/2y2dy 

«pOQ 

deduced  there©  Now^  it  would  be  dangerous  to  deduce  the  valid- 
ity of  this  formula  simply  from  the  absolute  convergence  of  the 

CO 

series  ]*>~  @*  (Riemann  integrals  are  not  eountably  additive), 


s©  that  we  must  investigate  the  question  of  whether  or  not  the 
function  defined  by  (8*8)  is  actually  integrable  in  the  sense 
that  has  just  been  defined.  Suppose  then  that  g  is  a  cylinder 
function  such  that  g(g)  g  f(£)  for  all  g*  Let  P  be  an  ortho- 
gonal projection  with  a  finite-dimensional  range  such  that 
g(P£)  m  g(£)«  .  I»et  %q  4  0  be  orthogonal  to  the  range  of  P,  so 
that  PCq  &   0  « 
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Then 

g(S)  •»  g(  K)  -  g(P  (S+x^0))  *  g(S+X£0)  , 
so  that 

g(€)  >  f  (C+^0)  — >co   as   X  ->oo    , 

so  that  g(£)  =  co  ,   which  shows   that  f  is  not  even  normable,much 
le.ss   integrable.     This  shows   clearly  that  the  norm  defined  by 
(8»7)   is  too  large,  and  determines  an   integration  theory  which 
is   too  narrowly  applicable.     We  iiust  consequently  search  for 
another,    smaller  norm. 

Suppose  that  we  agree  to  write    [f,,fp,,..]   >  g     if 

•  •  •     •  •     ~ 

t+gfpf*   is  a   sequence  of  non-negative  intertable  cylinder 

CO 

functions  such  that  ^>  f,(x)>g(x)  for  each  x.  Then  the  norm 

CO 

(8ao)  HgiL  ■"       mx         jr  iG(fi) 

suggests   itself.     It  is  easily  seen  that  this  norm  satisfies 

00  00  CD 

||  7>  g^ll  <  *>'  llg^H  for  each  series  *>"*  g^  of  functions,  so 


that  the  resulting  integration  theory  in  Kilbert  space  has  the 
properties  of  countable  additivity  normally  associated  with  the 
Lebesgue  integral.   Indeed,  since  the  construction  defined  by  a 
formula  exactly  like  (8.10)  and  by  the  above  described  process 
of  closure  in  the  corresponding  norm  would  be  found  on  inspec- 
tion to  go  from  the  class  of  piecewise  constant  functions  de- 
fined on  an  interval  of  real  numbers,  and  their  integrals  which 
may  be  directly  defined  as  finite  sums,  to  the  class  of  all 
Lebesgue  integrable  functions  defined  on  this  interval,  and 
their  Lebesgue  integrals,  we  should  be  tonpted  to  call  the  re- 
sulting theory  the  Gauss-Lebcsgue  integration  theory  in  Hilbert 
space*  To  construct  this  much  >»ore  perfect  integration  theory,  t 
we  have  only  to  show  that  |lG(f)|  <  ||f  H^  for  every  integrable 
cylinder  function.  But,  alas  I  This  inequality  is  absolutely 
false*  Indeed,  It  was  shown  in 
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section  Ij.  of  Chapter  VI  that  Hilbert  space  can  be  covered  in 
entirety  by  a  set  of  cylinder  sets  the  sum  of  whose  measures 
is  arbitrarily  small.   In  terms  of  definition  (8.10),  this 
means  that  [|f|L  =  0  for  every  f:  every  function  is  a  null- 
function.   Clearly  then  ||  f  |L  is  too  small.   Thus  the  Riemann 
integration  in  Kilbert  space  is  too  restrictive,  the  Lebesgue 
integration  is  impossible,  and  we  must  atjtempt  to  find  a  norm 
smaller  than  |!f|.Lbut  larger  than  ||f|L  •  Such  a  norm  is 
given  by 

(8.11)   "||*l| --lnr  su£    „        If    ■  (J0k(P*(O)l)f  • 

Pe]j[,e>0    Pe21#||pp-P|I<e       u 

where  J^  is   the  set  of  all  transformations  of   C     into  itself 
having  norm  at  most  1  and  finite  dimensional  range.     We  must 
show,   first,   that,  this  is  really  a  norm  and,    second,   that  it 
has  properties   (8.£j.). 

Clearly    ||  of  j|  =    |aj    ||f||.  Let    lUH^  and    |jg||<  Kg  . 

Then  we  may  find  Pn*Pp  s  jj[  an(*  ei*ep  >  ®  such  that 

(8.12)  sup  IG(k(F*(0)|)  <  K, 

•     sup  IG(|g(F*COH)  <  Kp 

Let  P  be  the  projection  pn  the  space  generated  by  P^Cl  and  PX! 
and  let  c  »  min     Cn,e2     •  Then  ppi=?i#I>p2=I>2  *     Thus»if 
llPP-P||<  c,  we  have    ||  FPj-PjJI  =   II  (PP-P)P1I|<  e   II  ^  U  =  e  <  ex 
and  similarly    l|FPp-Ppl|<  Cp  •     This  shows  that 

(8.13)  sup  I0(|f(F*<*))|)<  K, 
Pe|1,||PP-p||  <  e    °         .  * 

sup  I0(|g(F*(O)|)<  K2 

Pe|1,||PP-P||<  c        u  d 
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so  that 


8U] 

Pe 


^,||PP-P||<C  Q  1         2 


proving  the  triangle  inequality  (|  f+g||  <||  f  [J  +||  g||  . 

All  the  rest  of  our  argumentation  t^ill  be  based  on  the 
following  lemma,  which  is  closely  related  to  the  "Main  Lemma" 
of  Chapter  V» 

(8»ll{.)  Lemma:  For  each  integrable  cylinder  function  f,  and  each 
6  >  0,  there  exists  an  e  >  0  and  a  P  e  2  such  that 

Fec^,  ||FP-P|[<e 

,  This  lemma  will  be  proved  at  the  end  of  the  present  sec- 
tion* Before  giving  its  proof,  we  shall  first  show  how  it  may, 
be  applied  to  derive  the  principal  properties  of  the  norm  ||f  ||e 

(8»lf>)  Theorem:  If  f-  is  an  inte^rable  cylinder  function,  then 

llfll=  ia(  If  (•)!").". 

(6*16)  Corollary: If  f  is  an  ihtegrable  cylinder  function,  then 

ii0(f(*)H<iifii. 

The  corollary  follows  immediately  from  the  theorem  by 
(8-3)(c),  and  showsthat  [|f||  has  the  essential  properties  (8»lf), 
so  that  |  |f  ||  may  indeed  be  used  to  define  an  exLension  of  the 
Gauss  integral  of  intorable  cylinder  functions.  To  prove  the 
theorem,  we  argue  as  follows:  let  PQ  be  an  orthogonal  projection 
with  finite  dimensional  range,  let  Q  be  .the  orthogonal  project- 
ion on  the  space  spanned  by  Pj£,  and  Pq3\_.  Then  QP-P  =  0,  and 
t (Qx)  .»  f  (PQx)  =  f  (Px)  =*  f  (x).  Hence  Q  c  ^  and  ||  QP-P II <  e 
so  that  ' 

Fef,,  ||FP-P||<e 
>   I0(|f(Q(.))|)  =  I0(|f(O|), 
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* 

proving  that    I,|f||>  IQ(  If  (•)!).      On  the  other  hand,    if  6  >  0, 
then,  by  lemma   (8.1^)*  we  may  find  Pejjj  and  e     such  that 

0 

8US    .,       „     MU(^O)l)   <  iG(k(#)l)  +  6  , 

Petj^,  ||  PP-P 1 1  <  e  u  w 

so  that  [|f||<  IG(|f(')|)   completing  the  proof  of  theorem  (8.15) 

JTU17)  Corollary:  For  any  function  f  we  have  ||  f  |L>  j|f  ||, 

This  corollary  shows  that  the  integration  theory  defined  as 
above  in  terms  of  the  norm  ||f  ||  is  indeed  more  extensive  than 
the  above-defined  Gauss-Riemann  integration  theory  in  Kilbert 
space.  To  prove  it,  note  that  if  g  is  a  cylinder  function  such 
g(*)  >  |f(#)|#  then  it  follows  immediately  from  definition  (8.11) 
that  ||g||>  ||f||.  On  the  other  hand,  by  theorem  (3.15), 

llgjh  IG(s7*)).  Thus  ||f||0=  inf  IQ(g(0)  >  ||f||  ,  proving  the 
corollary. 

Another  theorem  of  interest  may  be  stated  as  follows: 

(8.18)  Theorem;  If  f  is  integrable,  and  6  >  0,  there  exists  an 
e  >  0  and  a  Pel$  such  that 

sup   '  ||f(0  -  f(F*(*))H<  6. 

Fef-p  1 1  PP-P  H  <  e 

(8.19)  Corollary :Let  f  be  integrable,  and  let  P  be  a  sequence 
of  projections  such  that  P  x  ~ >x  as  n  — >oo  for  each  xeh.Then, 
for  all  sufficiently  large  n,  f(Pn(.*))  is  an  integrable  cylinder 

function,  and  {1)    llm  i  (|f (p  (. )).f(pm(.))  |)  -  0 

roin— !>oo 

£11)         llm     I0(f(PnC)))  =  IG(f) 
n— *»  oo 

The  corollary  shows  that  every  function  integrable   in  the 

Integration  theory  defined  in  terms  of  the  norm   ||f  ||as  above  is 

"completely  invariant"   in  the  sense  of  s  ction  5  of  Chapter  V. 

To  prove  it  from  the  theorem,  we  have  only  to  show  that 

H  P  P-Pjl  ~  sup  a  ||P  Px-Px||<e   for  each  Pelf.   This  evidently 

l|x||<l,e^ 

amounts  to  showing  that  sup  ||P„x-x||<  c 

IJxIlsMePSH,    n 
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for   sufficiently  lar^e  n.      Since  we  have  ai-sur.ied  that 
lim      ||  P  x-x||  =  0     for   each  x,   and  P^is  finite-dimensional, 

n— >oo 

i-  *  ■        ■ 

'.his  last  equation  follows  readily. 

To  prove  Theorem  (8.18),  v/e  argue  as  follows.  Since  f  is 

.Utegrable,  there  exists  a  cylinder  function  g  such  that 

(f-g||<  6/10.  Thus,  there  exists  an  c,  >  0  and  P,e  ]§  such 

n.at  • 

^.20)     sup       '  IG(|f(P(*))-g(P(*))|)  <  6/10 

Pe|lf||PP1-P1||<  ex  Q 


/v 


Lei  P  c  3i1#  and  suppose  that    ||  FP^-P^H^g  =  1/2^,  P  c  ^     and 
||  FP^Pj]  <  e2  *  1/2^  .     Then   ||  PFP1-?1 1|  <  ||  PPP^Pj  || 

*   || PP^-P^H  <  e2+e2  =  e*.  Hence,  by  (8.20),  we  have 


(8.21)     su 


,sS  w 


Pei1,l|PP1-P1ll<e2lG<lf<F:^,))-S(F*p*(*))l)  <  6/10 '• 

Using  Lemma   (8.11*),  v/e  find  that  there  exists  a  projection 
Pp  e  J     and  an  e^  >  0  such  that 

(8.22)       sup         .  ri  l0(|g(0  -  g(F*C))|)  <  6/10  ♦ 

Ftg1$  ||PP2*P2I|<  c3  u 

In  equations   (8.20),   we  may  replace  P,   by  any  projection 
P     sucji  that  PP.   =  P,,   and  replace  e*  by  any  smaller  positive 
number.     Suppose,   indeed,   that  v/e  let     P  be  the  projection,  onto 
the  space  spanned       RSand      PP5can(i  *et  e  =  ^/^  min(e^#e*). 

Then   ||PP-P||<  e  and    ||PP-P(|<  c   together  imply 

<    ||F(FP-P)|K  ||PP-P||<  2e  <  ty  so  that  by  (8.20), (8.21)  and 

(6.22)  we  have 


VIII-11 


(8*23)         sup      ;  L>((|f(P*(0)-g(P*(0)|)  <  6/10 

Peflf||PP-Pll<  e  u 


is 


sup  §  IG(|f(F*F*(*))-e(F*F*(0)|)  <  6/10 

Pe^Jj  pp-p  II  <  e    u 

sup  IG(|g(P*P*C))-g(*)|)  <  6/10 
F«Sx#  l|FP-P||<  e     u 

sup         ■  '  IG(|g(F*(*))-g(*)|)  <  6/10 

Fet^,  ||pp-p||<  c  u 


/v 


provided     that     PeJ,   and    ||PP-P||<  c   •     Adding  these  four   in« 
equalities  ,  we  find  that 


Ay 


8UE      ..  ,    IG(|f(F*F*(*))-f(F*(*))|)<  6 

FeJ3Li||FP-P|t        . 


•Vx  A/ 


if  FeJ^  and   ||PP-P||<  e,   i.e.,   that 


>v  ' 


||  f(F(.  ))•*(•)  ||  <  6 

if  Fefo   and    |FP-P|  <  c.     This  proves  Theorem(8.l8). 

At  this  point,  let  us  list  various  useful  properties  of 
Iq,  of  \h ich   (a)   and    (d)  have  already  been  proved. 

(8.2fj.)     (a)  The  set  of  all   intertable  functions   is  a  linear 

space,  and  the  Gaussian  integral  IQ  is  a  linear  func- 
tional defined  on  this   space. 

(b)  iQ(i)  =i 

(c)  If  f  >  0  and  f  is  inte.'/rable  then  IG(f)  >  0. 

(d)  If  f  is  intecrable,  and  g(x)  «  f(U(x)  where  U  is  a 
unitary  mapping  of  h  onto  itself,  then  g  is  integrable 
and  IQ(g)  =  IQ(f). 


mi-12 


(e)  II  f  is  integrGble,  and  4  is  a  function  of  a  com- 
plex variable  satisfying  a  Lipschitz  condition  in  the  whole 
plane,  then  4  (f )  is  integrable. 

(f)  If«  f  is  integrable,  so  is  |f(*)l#  and 

iG(k(-)D  >  |lG(f)|. 

(h)  If  f  is  integrable  anc  bounded,  and  g  is.  integrable, 
then  fg  is  integrable. 

To  prove  those  of  these  statements  which  have  not  already 
been  proved,  we  may  argue  as  follows. 

Since  the  function  identically  equal  to  1  is  a  cylinder 
function,  (b)  follows  immediately  from  definition  (8.1)  of  the 
integral  of  a  cylinder  function.  Let  f  satisfy  the  hypotheses 
of  (cj  ,  and  let  g  be  a  sequence  of  integrable  cylinder  func- 
tions such  that  ||gn-f  II— >  0  as  n  — >co.  Let  h    be  defined  by 

Vx)  =  ten(x,l#   Then  l*u)-Vx)I-  lf(x)'  for  every  *  • 

Thus  it  follows  from  definition   (8.11)  that    ||f-hn||<   SIf-gnl|, 

so  that    ||f-h   [| — >0.   Since  h     is  an  integrable  cylinder  function 

for  each  n  we  have  Ifl(f )  s     lim     IG(h )  by  definition.   Thus, 

•  •  n— ->oo 

since  IG(hn)  :>  0  by  (8*3)(a),   IQ(f)>  0  proving(c). 

Next,  let   I4(zi  )*4(zp^  l—  Klz^-Zp  I  for  eacn  pair  z*,Zp  of 
complex  numbers  as  in  (e),  let  f  satisfy  the  hypotheses  of   (e), 
and  let  g^  be  a  sequence  of  .intertable  cylinder  functions  such 
*^at    llgn-^ll— >0  as  n  — ►»•  The  functions  h     defined  by 

h.  (x)  =  4   (fn(x))  are   integrable  cylindor  functions,  and 

I4(f(x))-4(gn(x))|,  <  KlfUJ-g^x)!   for  each  x.   Thus  it  follows 
from  definition  (8.11)  that    ||  4^-^11  <  K||f-g^||,  so  that 
||4  r-h   ||  — >  0  as  n — >co,  proving  that  4f  lfl  integrable,  and 
establishing  (e). 

The   integr^bility  of   |f(#)|  under  the  hypotheses  of  (f) 
follows  from  (e)   ,  and  the  fact  that  IG(|f(#)|)  is  larger     than 
the  real  part  of  Ifl(af )  «  al0(f )  for  each  a  of  modulus  1  follows 
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from  (o)  and  the    fact  that    |f(x) |   is  larger  than  the  real  part  . 
of  af(x)  for   each  x  and   ejj.cn  a  of  modulus  1,   This   establishes  (f). 

Finally,  to  prove    (h),    suppose  that   f  is  a  bounded   integ- 
r able 'function#  and  that    |f(x)|<  K  <  cofor  all  x.  Let  g  be  in- 
tegrablej   let   Jf-Jo©  a  sequence  of  integrable  cylinder  functions 
such  that    IfF-f  ||— >0,   and  let  [gmJbe  a  sequence  of  integrable 
cylinder  functions   such  that    Ig^^'l — >  0.   Using  a  well-known 


theorem  about  finite -dimensional   integrals,  we  may  find,   for 
each     ifr,   a  bounded     intertable   cylinder  function     gm     such  that 
*G^^m^° '"^m^*  ^ '~  */TO'  *  "^  then  follox^s   imnediately  from  Lemma 
(8.14)  and  definition   (8,11)   that    ||  g  -X.II*  !/»•     Hence 
II  Sjjj-g II  — >  0#.    Let  .  K     be  the  le   st  up>er  bound  of    Igjjx)  |  as  x 
ranges  over  h.  Then 


a>  ..  *SJ 


IfUJgUJ-f^x^U)^  |r(x)-fB(x}||8^(x)|+|f(x}|    IgM-cJAI 

<  K^|f  (x)-fn(x)  |+  K|3(x)-^(x)| 

Thus,  by  definition  (6.11),  Hf  (•)6(»)-*n<  •){£(• )  l| 


*-J 


Let  c  >  0;  choose  m  such  that  K||  g-foJI  <  e/2,  and  then  choose 
n  such  that  K^||f-fnl|<  e/2.  Then  |[f C)g(«  )-fn(»)g^(«)  ||<  e. 
Since  ^n(*)sm(#)  *s  evidently  an  integrable  cylinder  function, 
it  follows  that  f(«)g(»)  is  integrable.  Thus  all  the  statements 
of  (8#fJ+)  are  proved. 

To  show  that  the  integration  theory  defined  in  terms  of 
the  norm(8.11)  is  in  fact  significantly  stronger  than  the 
Riemann-Gauss  integration  theorv  defined  in  terns  of  the  norm 
(8.7)!  *et  us  re-examine  the  example  *'iven  in  (8.8)  above,  which 
may  be  written  in  a  unitary-invariant  fashion  as 

(8.25)    f(x)  *2~  c«(x,v<)2 


>  c1(x,v1)<:!Ci>0,  T>~  cJL  <  oo,  where  v^  is 


an  orthonormal  basis  for  Kilbert  space.  V.'e  saw  above  that 
Iff  II  a  ■  oo  ♦  On  the  other  hand 
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"'"1  "  Fe|lS  ci<Px'vi)2Wdx) 

St  ci  Ux'P4tvi) %(dx) 


<    8UP 


„2     -1/2  x     dx  sup 
x     e  Pe 


lit'i^ii 


here   the   Interchange  of  integration  and  suraation  between  the 
first  and  second  lines   is  permissible  since  finite  dimensional 
integrals  are  countably  additive,    i.e.,    since 

co  p  r  co 

\  61(Px)jiG(dx)  =|  2"  gi(Px)|iG(dx)  . 

^*  &, 

for  each  series  of  non-negative  inte?rable  functions  g  by  de- 
finition (8»1)  and  by  the  Lebesgue  theorem  for  finite  dimen- 
sional integrals.   In  the  same  way  we  may  show  that 

iir(.j  -  g  Cl  (.Vl)2n=  o  (p:+  ct)  -»o , 

so  that  f  is  indeed  integrable,  and  in  fact 

^°  2  -1/2  x2 


IQ(f )  =  (^)-l/2r  Urn  4-  c^  f 


x2e-l/2  xcdx  B  *J2 


as  was  to  be  hoped* 

The  vilidity  of  a  number  of  formal  evaluations  of  Gauss  . 
integrals  in  Hilbert  space  may  be  established  in  the  same  way. 
One  interesting  formula  is  as  follows:  let  A  and  B  be  compact 
Hermit ian  operators.  Suppose  that  the  sum  of  the  absolute 
values  of  the  eigenvalues  (counted  with  proper  multiplicities) 
of  both  A  and  B  converge,  and  that  B  <  1/2  I.  Then 
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(8.26)  J(Ax,x)expUBx,x)JtiG(dx)=  trfAd-SBj^Jdetf  (I-2B)"1/2) 

in  terms  of  the  trace  tr  and  determinant  det  of  a  pair  of  in- 
finite matrices.  We  shall  give  a  suggestive  formal  derivation 
of (8.26)  here,  leaving  the  justification  of  the  following 
formal  computations  to  the  reader  as  an  exercise, 

\  (Ax,x)   exp;  (Bx,x)V  u-G(dx)  =   (2rc)      \(Ax,x)expl-  i(x,x)J*{Bx,x)  dx 

J9u  L  J  4*  C.J 

=(2rcrr*l  (Ax,x)expl-  |(I-2B)x,x)  V  dx 

oof  ,  1         0 

a(2nr2"J  (Ax,x)exp  -  £H  (I-2B)?x|rdx 

co  **  (    -1;  r       4-"'      l 

=<2itfT    det\l-2B)^j      (A(>2B)%i(I-2BT2) 

♦  e*||y||2dy  , 

making  the  change  of  variable  y  =  (I-2B)   '  x  and  using  the  or- 
dinary determinant  formula  for  change  of  variables   in  a  multiple 
integral.     Thus, 

HAxfx)exp)(Bx,x)fliG(dx)=det[(I-2B)     ?)      (I-2B)  ?A(I^I^y)  , 
^  C  J  Jtfo  i  HQ(dy)   . 

1  1 

If  the  Hermitian  operator  (I-2B)   A(I-2B)    is  reduced  to 
diagonal  form  by  a  rotation  of  Hilbert  space,  this  last  in- 
tegral, can  be  written  as  the  sum  of  two  integrals  of  the  form 
(8.25>).  Ken.ce,  making  use  of  the  value  found  for  an  integral  of 
the  form  (8.25)  we  obtain 

\(Ax,x)exp|(Bx,x)^|iG(dx)=ti<(I-2Br?A(I-2B)  ^)detUI-2B)  ?j 

Since  tr(CD)  =  tr (DC), (8.26)  follows  immediately. 

We  conclude  the,  pre.sent  section  by  giving  the  proof  of  the 
fundamental  lemma  (8,1^), 
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Let  f  be  an  integrable  cylinder  function,  so  thai 
f(x)  =  4((x,v1),».,l{x,vn))l  wherej  v1,e.«,vnl  is  an  orthonormal 
set  of  n  vectors,  ant  where  ^  is  a  function  of  n  variables  such 

that         mn    P  _l/v2+   +v2)   • 

.--(2k)  *  J   M*^.-.*^)©  ndx1...dxn 


exists.  Let  P  be  the  projection  on  the  space  spanned  by 
Vj,.««,v  ,   let  S  be  the  2n   dimensional  space  spanned  by 
v,,,,,,v  and  n  other,  linearly  independent,  vectors,  and  let 
F  eft,,  |F  P-p|<e.  We  must  show  that 


t 


(8.27)  11m   |f(P*(x))-f(x)lMa(dx)  =  0  , 
e— >0  ' 

i.e.,  that      0 

(8.28)  •  lim  \  W(x,Fev1),...,(x,Fevn))-(j>((x  vx),  . 

•••f(x,vn)) |^G(dx)  =  0 

•       i 

For  each  c,  let  U.  be  a.  unitary  mapping  of  Hilbert  space  onto 
itself  such  that.  Vtv^  B  V£,lBlf ...,nf  and  such  that 
UJFgV^eS,  i  ■  l,...,n«  Let  UftPe  »  Le;  then  since 

^V^i*7!'  *S5*'i#,'n'  we  have  ucP=P#  ao  tnat 

lL.P-P|»|U..PftP-U.P|»|PftP-P|<e,  Moreover,  by  the  unitary  invari- 

ance  of  the  Gauss  integral  for  cylinder  functions,  (8.28)  is 
equivalent  to 

(8.29)0 
lim  ^((XjL^), •..(x,Levn))-(||((x, vx ),..•, (x,vn))  lnG(dx) 

If  Q  denotes  the  orthogonal  projection  on  the  2n  dimensional 
space  s#  then 

4((Qx#Lev1),..,,(Qx,Levn))=4((x,Lcv1),...,(x,Levn)) 

and  .    •  •   . 

4((QX|V1),.,.,(Qx,vn))=(l((xllv1),.,.,(xn,vn))  . 


vni-i? 

definition  (8.1  )#  we  may  write  (8.29)  in  equivalent 


»i||x|I? 
Tim  ^  |4{(x5Lgv1)^*9(x,Levn))-4((x,v1),...(x,vn)le   2       dx  <  6 


form  as 


For  each  5  >  0  let  f  be  a  bounded  continuous  function  of  n 
real  variables  such  that 

C8.3D    ..  -§(x2+...+x*) 


Thenf since         .  .  Iti„.n2 

lira 


-simp 

\     HfUx^h^h  «.^(x1Lexn)-\J/((x,v1),,..(x,vn))  |e     <k=0 

S 


by  the  boundedness  and  continuity  of  \Jf  and  by  the  Lebesgue. 
dominated  convergence  theorem,  it  follows  immediately  from(8.3l) 
that  (8»30)  is  a  consequence  of 
(8c32)a 


e~*"  S 


-iiwi2     5 

•  ••#(x,Levn))|e  c  dx  <  j 


But  (8«32)  will  be  an  easy  consequence  of  (8«31), "once  the 
following  auxiliary  lemma  is  proved. 


•33)  Lemma  \  If  h  is  a  Gauss  -Integra  ble  function  on  a  f inite  - 
.dimensional  Hilbert  space  S,  and  H  is  a  1-1  linear  mapping  of  S 
into  itself  such  that  !(M||<  19   then 

dx 


)lh(Mx)|e  ?        dx<   IdetdDl"1  J|h(jc)|.e  * 


Proof  of  lemma (8, 33):   Nake   the   change  of  variables   Kx  =  y# 

o  9  -IlKil2       4f|x||2'      "■ 

Then    ||y  ||     <   11*1,1,   so  that     e  >  e  .   Hence 


a 
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j|h(Mx)|e  d         dx  <  J|h(y)|e  ?' 


dx 

4IIHI2 


I  det(M)!"1  \  l.h(y)|e  *     dy  , 


Q*  £•  D« 


Proof  of,  (8 « 32)  from  Lemma (ft#  33 ) .*  Find  any  convenient 

vectors  un+i>»«»*u2n  so  tna^  fvi**#,*v2n\  ^"s  an  or i;n.0^.or>na-'- 
basis  for  S«  SAnjce  ||  L  v^-v^ljr-^  0  as  e— ^>0  for  i=l,...n,  the 

set  Kg=  \LtVii  ••a>Levn'vn+l''***>v2n]  is  linearly  independent 
for  all  suff  iciently^  small  e«  Using  the  Grara  -  Schmidt  ortho« 
normalisation  process,  construct  an  orthonormal  basis 

5    u(e>  u   (c)I 

1_  UI     ',,,»u2n  J  for  S  out  of  the  set  K  .     Now  put 

2n  n  2n  .   . 

K<  g  Vi»  'I  2=  •'  *.<  5  Vl»  "2  +  g+1«i2 

ii  Ji-  ii  2     -J£i         2     —       2 

£  II 21  vi  ii  +  Z ,ai  =  *^  V 


TSH+1 . x      tsr 

Hence   ||Me||<    1*     Moreover,  for  e  sufficiently  small,  Mg  is 
evidently  1-1 f  Putting 

h(x)=4((x,v1),»,.,(x,vn))-^((x,v1),.,.,(x,vn)) 

for  x  eS,   (8#31)  states 

•|llx||2  6 

\n\xj  i»  dX  <  j  * 

S 

and  (8.32)   states 

(8.35)      IK         h(M*x)|e  2  dx<§ 

*  a  •  .  •  • 

But(8e3?)  follpws  from  (8,3f|)  by  Lemma(8.33).  Thus  the  funda- 
mental 3.emma(8.1lj.)   is  completely  proved, 
Q»  E,  D, 


(8.3U    J 
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The  Wiener  Integral 


8  li  Introduction 

We  now  wish  to  give  a  brief  exposition  of  the  ideas  rela- 
ted to  the  notion  of  Wiener»a  integral,  Wiener fs  approach  to  the 
problem  oi  integrating  over  a  function  space  consists,  in  es- 
sence, of  establishing  a  totally  additive  measure  for  the  func- 
tion space  via  the  principle  of  transference.  That  is,  a  finite- 
ly additive  measure  is  assigned  to  certain  selected  "intervals11 
in  the  function  space  and  these  "intervals"  are  mapped  onto 
certain  subintervals  of  the  closed  interval  [0,1]  in  such  a 
way  that  the  length  of  the  image  interval  (its  Lebesgue  measure) 
equals  the  a ssigned  measure  of  the  original  interval.   Thus  cor- 
respondence of  intervals  is  used  to  induce  an  "almost"  1  -  1 
map  of  the  function  space  and  the~interval  [0,1]  •   This  map- 
ping, in  turn,  induces  the  desired  measure  theory  in  the  func- 
tion space  -  a  set  of  functions  being  measurable  if  the  image 
-set  is  a  Lebesgue  measurable  subset  of  [0,1]  -  and  the  measure 
of  the  set  is  defined  to  be  the  Lebesgue  measure  of  the  image 
set/  The  measure  on  the  function  space  obtained  in  this  way 
Is  then  totally  additive.  The  mapping  between  the  function 
space  and  [0,1]  also  induces  a  mapping  of  functionals  over  the 
function  space  into  functions  over  [0,1]  in  such  a  way  that  one 
may  then  define  the  integral  of  a  functional  as  the  Lebesgue 
integral  of  its  image  function  over  [0,1]. 

8  2,  Wiener  Measure. 

■■  ' '   ' ■  ■ ' 

The  space  of  functions  which  we  consider  initially  is  the 
space  W  of  all  functions  x(  • )  defined  on  [0,1]  and  having 
x(0)  =  0. 

Definition:  Let  0  <  t1  <  t~  <  ,.,  <  t  <  1  be  an  arbitrary 
subdivision  of  the  unit  interval,  and  let  (a^*^  be  arbitrary 
real  numbers  with  a,  <  b,,  (l»l,,,,n).  The  subset  of  W 
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defined  by  the  conditions 

al  -  x^i'  -  bi        ^  =  lf*>n) 

is  called  a  (closed)  quasi -Interval, 

To  avoid  confusion  with  the  Lebesgue  measure  on  the  real 
line,  which  will  be  used  later,  the  measure  which  we  shall  as- 
sign to  a  quasi-interval  will  be  called  the  probability  of  the 
quasi-interval  I  (i.e.  the  probability  that  x(#)  CI),  and 
shall  have  the  value 


i)  = 


>1   fbn   n  ( 
TT  h 


f5M-5u.i ) 


al 


v-1 


£\v 


d^v 


/**& 


where  e     =  t  =  0  and  j^y   =  t  -  *v-le  ^TOm   ^ne  usual  "compa- 
tibility" conditions  satisfied  by  the  Gaussian  measures  it 
follows  that  this  assigned  probability  is  finitely  additive 
with  respect  to  the  quasi-intervals . 

As  was  hinted  earlier  one  does  not  attempt,  initially,  to 
determine  a  probability  function  over  the  function  space  which 
assigns  a  probability  to  every  quasi-interval.   Rather,  one 
constructs  a  function  which  will  assign  the  given  measure  to  a 
certain  set  of  quasi-intervals  so  that  one  can  define  the  final 
probability  function  by  "continuity". 

To  this  end  we  consider  a  sequence  of  partitions.  \f>      \   of 
the  real  line  such  that 

(1)  each  partition  divides  the  real  line  into  a  finite 
number  of  intervals  (two  of  them  unbounded), 

(2)  for  each  nt^n+1^   is  a  refinement  of  f^n),  and 

(3)  as  n  ->  oo  the  set  of  division  points  {k^'J  becomes 
dense  on  the  whole  real  line.   For  example,  let  P*  '  consist 
of  the  (2x1+2)   intervals 

(-co  ,-n],[-n,-n+i),...,t-i,0],[0,i),...l[n-i,n.  (n,co  )  . 
We  also  consider  a  monotonically  increasing  sequence  of  finite 
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sets  \t\   (  becoming  d.:nse  in  [0,1].  B'or  example,  let 

t\n*   =  J2~  •   Finally  i>e  consider  the  set  of  all  quasi-inter- 

vals  of  the  form 

fx(«):  x(t*n))  6  A<n)   for  each  jl 

where  each  AY1'  is  one  of  the  intervals  of  f^n   .  Note  that, 
for  a  given  n,  these  quasi -intervals  are  mutually  disjoint  and 
together  exhaust  W.  Note  further  that,  if  n  >  n,  each  of  the 
quasi-intervals  associated  with  n  is  the  union  of  a  subset  of 
the  quasi-intervals  associated  with  n.  We  denote  the  quasi- 
intervals  for  a  given  n  by  {i,  >» ordering  them  recursively  so 

I  J   )'  (n-li 

vhat  those  of  the  quasi-intervals  which  cover  I:        '   come  first 

fcvlowed  by  those  which  cover  il   '  and  so  on. 

We  are  now  ready  to  construct  our  mapping  T  of  W  into 
[0,1 J.  Let 


tSn)  -r  P(Ivn))  and  ^Jn)  "  Hyl.   tin)l 


Then<£]|  shall  be  the  image  under  our  map  of  if1':  We  must 
now  show,  as  was  mentioned  in  Section  §1,  that  T  Is  "almost" 
1-1.  To  be  more  precise,  we  shall  show  that  -  except  for  the 


denumerable  set  of  endpoints  of  intervals  •**  -  the  pre-image 
under  T  of  any  a  c  [0,1]  is  a  set  of  functions  uniquely  deter- 
mined by  their  values  on  the  dense  set  {t  A   =  lim   ftj,  ?  • 

t  J)   n->a>  I        ) 
If  we  then  restrict  ourselves  to  the  set  C  of  those  functions 

in  W  which  are  continuous^  will  thus  be  1-1  almost  everywhere. 
It  will  be  clear  that  the  map  Tj  considered  as  mapping  C  into 
[09l]j  is,  almost  everywhere,  uniquely  defined  independently  of 
the  sequences  j^n'J  and  ttj't  employed  in  the  construction. 
Let  a  be  any  point  of  [0,1]  which  is  not  the  endpoint  of 

an  J*/1'.  Then,  as  the  intervals  of  the  P*n'   are  becoming  dense, 

fa) 
the  measure  of  each  of  the  I;! 'approaches  zero  with  increasing  n 

from  which  there  follows  the  existence  of  a  unique  .osted  se- 
quence l^n'lsuch  that  a  ijjn'   for  n  «  1,2,...  This  sequence 


vn 
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{>':) 


corresponds  to  the  sequence  IV    ')    which,  for  each  t,  in  the 

dense  set  jt , \ ,  determines  a  nested  sequence  of  f       -intervals. 
By  condition  (3)  on  p^n'      this  sequence  uniquely  determines 
x(t.).   We  have,  therefore,  shown  that  the  pre-image  under  T 
of  each  a  contains  at  most  one  function  x(')  £  C. 

It  is  not  true  that  the  pre-image  of  every  a  contains  at 
least  one  continuous  function.   We  shall  show,  however,  that 

a  Mi  Iim  r-i  i  >  r  i  a         -  9  w 

the  set  of  points  in  the  interval  [0,1]  which  have  no  pre-image 
in  C  has  Lebesgue  measure  zero.   Thus  we  will  have  a  1-1  mea- 
sure preserving  (for  the  quasi-intervals)  map  of  part  of  C 
onto  a  subset  of  [0,1]  having  measure  one,  thus  completing  the 
transference. 

Definition*  A  set  S  C   W  is  called  a  null  set  if,  for  any  given 
t  >  09    there  exists  a  countable  collection  of  quasi-intervals 
which  cover  S,  the  sum  of  whose  probabilities  is  less  than  e. 
Clearly  the  set  of  all  a  €  [0,1]  which  have  pre-images  in  a 
given  null  set  S  has  Lebesgue  measure  0. 

The  statement  that  the  pre image  in  W  of  a  does  not  con- 
tain a  continuous  function  is  equivalent  to  asserting  that  the 
f  x(t..H  determined  by  a  (assuming  that  a  is  not  the  end  point 
of  an  image  interval)  do  not  constitute  a  continuous  function 
"relative  to  ft,]".  Hence,  since  the  set  of  endpoints  of  image 
intervals  is  countable  (and,  therefore,  constitute  a  set  of 

measure  0)  it  will  more  than  suffice  to  show  that  the  x(t.) 

1  * 

which  are  not  HBlder  continuous  (h,r-)  for  any  h  constitute  a 

null  set.  Thus  we  need  only  prove  the 

Lemma:   The  set  S  C   W  consisting  of  those  functions  such  that 
for  every  h  >  0  there  exists  a  pair  of  binary  rationals  t,  and 
to  (depending  on  h  and  on  the  function)  such  that 


(2.1)       (x^) ■-  x(t2)|  >^L-^|t1-  t,| 


iiA 


a  null  set. 
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Pr-.of :   Denoting  by  Sh  the  set  of  all  functions  such  that  (2.1) 

is  satisfied  for  this  fixed  h  and  some  t,  and  t2*  we  observe 

immediately  that  Su  t>  S.   if  h0  >  h,  .  Thus  S  =  IIS.  and 

hx    h2     2    1  h>0  h 

S  CS.  for  every  h  >  0,  and  it  suffices,  therefore,  to  show 
that  for  ary  given  e  >  0  there  exists  an  h  such  that  S.  is  con- 
tained in  a  set  of  quasi-intervals  the  sum  of  whose  probabili- 
ties is  not  greater  than  e. 

We  wish  to  show,  first,  that  if  x  satisfies  (2.1)  there 
exists  a  pair  of  integers  m,k  such  that 

Assume  tp  >   t%.  Since  t,  and  t2  are  binary  rationals  we  may 
wi>%e 

1  °°  ci{ 

?  (t2  -  tx)  =  ^  -£       , 

where  each  c.  =  0  or  1,  and  all  but  a  finite  number  of  c.  =  0. 
Let  c-  be  the  first,  and  CK  the  last,  non-zero  coefficient  and 
*  set  t^  =  ^*i+t2^  Then 

(2.3)    |x(tx)  -  x(t2)| 

<  |x(t1)-x(t1+2"^)  (  +  .•.+ |x/tx+  |^^|j-x(t3)  | 

♦  |x(t3)-x(t3+2-^)|+...+  |x/t3+  5Z^-x(t2)|  . 

Each  of  the  terms  on  the  right  side  of  the  inequality  (2,3)  is 
of  the  form  of  the  left  side  of  (2.2),   If  (2.2)  is  false  for 
all  m,k  we  would  have 

lx(t1)-x(t2,|<h.2^2-^<|0^ 

whereas 


2S? 


>  2XA  2"JA 
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which  yields  a  contradiction  of  (2.1). 

Thus  it  suffices  to  show  thai,,  for  any  e  >  0  and  for  h 
sufficiently  large,  the  set  of  functions  which  satisfy  {2.2)   for 
some  m,k  can  be  included  in  the  union  of  a  countable  collection 
of  quasi-intervals  the  sum  of  whose  probabilities  is  less  than 
t»     Let  m  and  k  be  fixed.   Since  our  selected  quasi-intervals 
divide  the  range  of  values  of  x(m2~*)   and  x((m+l)2   )  to  an  ar- 
bitrary degree  of  fineness  we  can  cover  the  set  of  functions 
satisfying  (2.2)   by  a  finite  collection  of  quasi-intervals  the 
sum  of  whose  probabilities  is  less  than 

CO 


2 


n2~k     <>h2 


f  exp[-x2/2"k3   dx  +  -Jfrg- 


CD 


*  -^-  e  A    dx 


"P^2      A 


h2 


kA 


If  we  sum  over  m  and  k  we  see  that  the  sum  of  the  probabilities 
of  the  countable  number  of  covering  quasi-intervals  is  less 
than 

co 

MM* 

which  is*  in  turn,  less  than  e  for  h  sufficiently  large.  Q.e.d. 


|  +  45Z2k  exp[-ha*A] 


8  3»  The  Wiener  Integral 

The  measure  defined  above  on  the  space  of  continuous  func- 
tions x(#)  on  [0,1]  such  that  x(0)  =  0  is  called  the  Wiener  in- 
tegral. Because  of  the  way  in  which  this  measure  was  brought 
into  existence  in  the  previous  section  integration  over  C  with 
respect  to  this  measure  can  be  given  a  particularly  simple  in- 
terpretation in  terms  of  Lebesgue  integration  ove:  the  inter- 
val [0,1]. 
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The  construction  of  the  previous  section  provides  a  mea- 
sure preserving  map  between  C  and  [0,1]  which  is  1-1  apart 
from  sets  of  measure  0  in  each.   Under  this  map  let 

x(*)  <->  a  • 

Then  if  F[x]  is  a  functional  over  C  there  corresponds  a  func- 
tion 

4(a)  =  FIT""1  (a)]  =  F[x(«)] 

which  Is  defined  almost  everywhere  on  [0,1].   *'  is  called  Wie< 
ner  integrable  if  the  corresponding  i   is  Lebesgue  integrable 
and  the  Wiener  integral  is  then  given  by 


F[x]  dwx  = 


i(a)da 


(Chanter  X:     Ronarks  about  the  Wiener  Measure 

«— ■——  ■  ■  i        iii        "  «<•  ■■».■»■■  ■ .  ...I     ii         ,  ■    ■      i         ■ 

It  was  shown  earlier  (in  Chapter  IV)  that  the  integral  over 
the  Hilbert  space,  as  we  had  introduced  it  in  Chapter  I  ,  does 
not  lead  to  a  totally  additive  measure*  If  one  wants  the 
mersure  to  have  this  property  one  must  extend  the  class  of  in- 
dependent functions  beyond  the  Hilbert  space.  Such  extensions 
can  easily  be  jlven. 

For  exaiple,  suppose  the  independent  function  is  a  se- 
quence 4  =  J4t p4o9 • • • i with  the  unit  form 

(4,4)=  4f  +  4f  + 


•  •  • 


Then  the  measure  with  the   differential 

-  2(<M)  Tr.^y 
v    y/2ri 

can  be  made  totally  additive  by  admitting  all  sequences  as. in- 
dependent- functions  without  i^oosin;:  the  restriction 

^>  4U  <  oo  •  It  is  not  necessary,  though,  to  emoloy  such  a  radlr 
v   v 

cal  extension  and  the  question  arises:  which  less  radical  ex- 
tensions are  sufficient  to  make  the  measure  totally  additive. 
Such  a  question  will  be  discussed  in  Chapter  XIV  in  con- 
nection with  the  measure  differential  which  may  be  given  sym- 
bolically as        l/i  ix 

.-!<♦'♦>■  Jf.  £*(.). 

8 

where  4(*)  is  a  function  of  s  for  0  <  s  <  1  and 

42(s)ds. 


(4,4)  -f 


The  Wiener  measure  can  be  obtained  from  the  measure  so  intro- 
duced by  expressing  it  in  terms  of  the  function  /£ defined  by 


X-2 


8 


-X(s)  = 


\     4(3» 


)dsi 


Accordingly,   the  Vliener  measire  vaay,   symbolically,  be  written  as 

r   I     f  (d^(s))2lTT   67(s) 


exp 


0 


JB  ^O>0ids' 


The  Wiener  integral  of  a  function  k(fl  can  then  be  written 
symbolically  as 


CO 


m  i  r  (d*(8))21  tt  6-/(s)  . 
2  i  -**—{%  «5  ' 


©r,  equivalently,  as  the  integral 

,co      r  1 

*oxp 

of  the  function 


f00 

j«4I 


[-  j  42(s)ds]ljy^ 


a 


■6<Ka) 


:itl4(0]  ■  h  J  4(s)ds 


The  manner  in  which  the  Wiener  integral  is  defined  differs  from 
the  manner  in  which  we  had  previously  defined  the  integral  of  a 
functional  f[«]  •  The  Wiener  integral  is  not  defined  with  the 
aid  of  projections  but  as  the  Lebes^ue  integral  with  respect  to 
the  appropriate  totally  additive  measure.  The  space  of  func- 
tions 4  ••.or  of  functions  X  must,  therefore,  be  taken  so  wide 
that  the  measure  becomes  totolly  additive*  This  would  be  the 
oase  if  all  functions^  were  adnitted,  no.  restriction  being  im- 
posed on  their  values  --  except^(O)  s  0*   But  it  is  not 
necessary  to  go  so  far*  Wiener  had  made  the  re  ;ia*  !:able  dis- 
covery that  it  is  sufficient  for  this  purpose  to  ake  the  class 
of  continuous  functions  ^  *  In  fact,  it  was  found  to  be  suffi- 
cient to  take  the  class  of  Hfilder  continuous  functions  with  a 
Holder  exponent  n  <  &   *  (Wiener  employs  \i   ■  h   , ) 


\ 
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Our  intention  is  to  give  a  simple  derivation  of  this  fact, 
without  usin^  the  "transference"  principle  and  without  employ- 
ing a  Fourier  transformation. 

In  the  following  we  shall  not  be  concerned  with  the  integ- 
ral but  only  v/ith  the  measure;  at  first,  only  with  the  measure 
of  cylinders. 

To  describe  a  cylinder  v/e  nay  introduce  the  projection  of 
a  function  ${*)   into  a  step  function  which  is  piecewise  con- 
stant  in  the  intervals  ^j7  (sv  n  <  s  <  s  )  of  a  partition  of 

tw.   interval  0  <  s  <  1.  We  assume  s~  =  0.  s^  =  1.  The  value 

O         *     n 

4V     oi   the  projection  in  the  interval'-?       is  given  by 


J      4(s)dsA 


4V  *    J      4(s }ds/& 

V 

# 

with  £  v  =  (sv  "  8v-l'  • 

« 

Evidently,  wo  may  describe  this  projection  in  terms  of  tho 
function ft |  namely,  as  jth©  piecewise  linear  function  which  at 
the  points  sQ  =  0,  s,,###,s  =  1  has  the  same  values  )£  =  %(&) 

as  the  function^. 

A  cylinder  Cy  may  now  be  described  as  a  set  of  functions 
4  —  orp  —  whose  projected  images  lie  in  a  ^iven  set  of  the 
|4^f«««,4nT  --  or  )^i'#,#»Xn(  "  sPaco»  The  set  of  images  is 
called  the  base  BCy  of  the  cylinder  Cy» 

The  measure  of  such  a  cylinder  Cy  is  then  the  measure  of 
its  base,  which  equals  f/\ 

So  far  we  have  not  named  this  class  of  functions  from 
which  these  sets  are  taken.  V/e  now  choose  a  positive  number 
\jl     to  bo  kept  fixed  throughout,  u.  <  i  •  Then  we  introduce  the 
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space 51  consisting  of  those  functions ^to  which  there   Is 
associated  a  constant     c     such  that   the   inequality 

(*)  IA*l<c|£s|^ 

holds  for  any  pair  of  points  s,,Spe[0,l]  where 

A^  =  [?<«2>  -^<sl0  >  As  -  1*2-*!)    • 

Such  functions  will  be  called  "Holder  functions".   The  sets 
considered  in  the  following  will  then  consist  of  Httlder  func- 
tions. 

The  statement  to  be  proved  is  this?  the  measures  of 
cylinders  Cy  in  the  space ^.  are  totally  additive.  Any  nested 
sequence  of  cylinders  Cy  3  Cy  3  •••  in  J\  whose  measures  have 
a  positive  lower  bound  have  at  least  one  function *%-  (•)  in 
common # 

We  shall  prove  the  total  additivity  of  the  measure  first 
for  a  special  class  of  cylinders,  namely  for  cylinders  asso- 
ciated with  partitions  whose  vertices  are  binary  rationals  , 
We  shall  call  such  cylinders  "binary  Htflder  cylinders"  .  . 

Specifically,  we  introduce  the  vertices 

*n$K    -  2"%   (  ^-  0,1, ...,2n) 
and  the  intervals  . 

^n,^  °[8:sn,ie-l  <   S  <   Sn,*]KC  l..—^)  • 

Then  we  introduce  the  space Q       of  functions  4  which  are  piece- 
wise  constant  in  the  intervals  -P   „  ,  By  P,  we  denote  the  pro- 
Jection  which  projects  a  function  $  IntoG      by 

Pn4(s)  =  2"n  J  (Ksi)dst  [ee^n   (^«  l,L\..2n)], 
Hn,ie 
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We  employ  the  notation  P   also  for  the  projection  of  a  func« 

tion^into  the  piecewise  linear  function  P_  X-  whose  deri- 

n 

vative  is  the  projection  of  the  derivative  of  ^  into  (2  # 
Next  we  introduce  the  space  %c   N  of  all  those  HBlder 

functions  X- f or  which  the  relations 


<*) 


i*<-v,c>-  *i"v:iK>i>i.»  ^v,K.'2"vice 


-vn 


hold  for  all  values  v  <     H.  We  then  shall  estimate  the  iieasure 

m(5x.  ,T)  of  this  space.   In  fact,  we  shall  chow  that  this 
c  ^  w 

measure  can  be  made  arbitrarily  close  to  1  by  choosing  c  large 
enough  independently  of  the  value  of  N« 

In  order  to  estimate  the  measure  of  &     M  we  shall  con- 

C  ,  N 

struct  a  subspace  of  ^vc  >j  which  is  a  product  space  and  whose 
measure  therefore  can  be  computed.  To  this  end  we  introduce 
the  Radem&cher  orthogonal  functions  u_  ^  for  n  =  0,1,2,  •••  and 

X  =  1 ,  . .  • ,  2^         , 

u0(s)  =  1 


ri 


i  . 
!  o 


8C<P 


n,2X-l 


%x (s)  41     sc^ 


n,2X 
otherwise      . 


Evidently, 


! 


un,X   (s)dS 


=  2l-n 


and  l 

t 


X 

1       un  X  ^  un!    >|(s)ds  s  °  unAess  n  «  n*#    X=  X»« 
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We  need  only  consider  functions  4     which  belong  to  one  of  the 
Spaces  G  „•     Any  such  function  possesses  the  expansion 


♦(•)-2j2n-1PnfX    »n,X(s> 


with  the  coefficients 


«  v  c    1   <Ks)<*s  -     4(s)ds   ,   n  f   0  f 


n,2X -1        n,2X 


P0   "J  4(s)ds  • 


0 

The  integral  funct ions X, then  possess  expansions 

<**)       ><»>»  21  20"1 Pn,X   vnA(s) 

In  which  v_  -  (s)  is  the  piecewise  linear  function 
i*g  a 

8 

vn,X  (S)  "1  V*  (s,,ds' 

The  coefficients  fl  »  can  be  expressed  in  terms  of  ^--(•)  by 

Pn,X  -  E/t«sn,2X-l)  "  ^Vx'  "  *<sn,2X-2>] 

We  now  consider  the  space  Tfe  «  of  all  functions  "f*  in  Si.  whose 
projections  in  Q  „  possess  expansion  coefficients  p   -which 

satisfy  the  conditions 

(***)       lP«  i  I  <  ©2"^  for  oach  n  <  N  . 
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\ 
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This  spans  is  evidently  a  cylinder  ;  its  measure  can  easily  be 
evaluate  if   Before  do in?  this  we  shall  show  that  if 

then  every  function  in  iL^  n  lies  in  5\c  m  • 

To  th.\s  end  we  consider  any  function  in  G  N  and  estimate 
the  differences  \7  (s  ^  )  -  ^(sViC.t)I  which  enter  the  con- 
dition ('*)  throu.h  which  the  space  5t  c  N  was  defined.  We  employ 

the  representation  (#*)  of  *%  »   Note  that  the  function  vn  v 
vanishes  except  in  the  interval  *-r  ,  .  •  For  any  binary  point 

8  s  s\i  v  9     therefore,  the  terras  with  n  >  v  drop  out  from  the 
series  (#*)•  For  each  value  of  n  <  v there  is  evidently  exactly 
one  value  of  \  for  which  |vn#x  (Sy^)  -  vft>x  (m^^p   0  . 

For  this  value  of  X  we  have 


K,\   <sv,^>-vn,X  <sv,«.-l>l  =  [8v,r^-sv,ic-l]=2 


Therefore  we  may  deduce  from  (*-*)   the  estimate 

v 


<  2-1_ve[2(1-*l,-i]-1  2d-ii)(v+i) 

«=  c2-fv   . 

Thus   inequality   (•*)   is   established  and  it  Tollows   that    VUQ  „ 

is  contained  in  j^     „  • 

As  a  consequence  we  have  the  relation 
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for  the  measures  of  the^e  spaces. 

In  order  to  evaluate  the  ;.;e  .sure  of  the  space  /|^  „     we 

note  that        1 


j48(.)4--2:a?,-1Pi.x 


for  each  function  $  In  (pm,   as   is  easily  verified.   Therefore, 
the  measure  of  13  Q  „  is  given  by  the   integral 


('**»)         L      n>x  J 


n,X 

where  the  integration  is  to  be  extended  over  the  set  of  all 
P     -  satisfying  inequalities  (*-«•«-)•   Since  these  inequalities 

restrict  each  coefficient  separately  we  have 

»<  ft«..»  ■  JTx     J   «p[-  I  a""1  £  x]  j?  <*».  X  . 

Vte   introduce   the  function 

z 
J(2)  =  -L.  oxp[-u2/2ldu 

^    J-z 

and  set 

Since  there  are  2    values  of  X  associated  with  the  subscript 
n  we  have  _ 

Now  we  use  the  assumption,  \i   <  1  ,  made  when  the  Holder 
exponent  u.  was  introduced.  This  condition  implies  p  >  0  and 
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and  hence  we  see  that  tho  argument,   2Pn8/V5,of  the  function 
j|j(z)   tends  to  infinity  with  n. 

We  note  thav,f  for  any  z  >  0, 

op 
-exp[-z2/2]/z  »   ]    ^(expt-u^/ujdu 

z 
00  op 

=  ,-    f  (exp[-u2/2]/u2)du-|  exp[-u2/2]du 
t  z 

00 


=  •    \  exp[-u2/2]du   jl+  cy/  1^1 


from  which  it  follows  that 

00 


$(z)  =  1-  —  I  exp[-u2/2]du 


^S 


■  1 


-(|  exp[-z2/2]Aj  /[l+0'/i2)J 


and  so  there  are  numbers  9Q  >  0  and  y  >  0  such  that,    for 
Z  >  9q/  nS  , 

J(z)  >  exp   [-  f&  exp[-z2/2] 
Hence,  for  ©  >  e«, 

»l1ie,N)  *  e*P  Ti  2""1  C-y  ^«tp[-22pne2AJ/l2poe/^])| 

«  exp   prS**1  I~2n(1-P  Wf-Upn"V]l 
>  exp  I-P/  6] 
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CD 


evidently^  <asgi,<^,p>0  so   j"°<  co  • 

At  the  same  time. we  have,  with  z   =  (2-2^)^',   cQ=  eg/^^), 

■<5c0fH  }  ^  e"2/°  for  C^  C0  • 

Having  established  this  estimate  we  proceed  to  prove  the 
total  additivity  of  the  measure  of  finary  Holder  cylinders.   In 
this  connection  it  is  convenient  to  introduce  the  class  of 
functions Xwhich  are  defined  only  for  binary  values  of  s.  Such 
functions  will  be  referred  to  as  "binary  functions"  and  the 
space  ©f  these  functions,,  without  restriction  of  their  values, 
will  be  denoted  by  fy  ■   The  subspace  of  functions  %  whose 
values  satisfy  the  condition 


(*) 


l*<\*>-£<«v,Kfc-i,|:so2"v 


for  v  <  N  will  be  denoted  by  j\,     N|  the  subspace  of  those  for 

which  (*)  is  satisfied  for  all  values  of  v  will  be  denoted  by 
5^  I  and  the  space  of  those  which  belong  to  5v  for  some  c 

will  be  denoted  by  «5u#   Such  binary  functions  will  be  called 
"binary  Holder  functions". 

Every  Holder  function  evidently  "generates"  a  binary 
Holder  function  and,  vice  versa,  for  every  binary  H6*lder  func- 
tions there  is  a  unique  Holder  function  —  with  the  same  value 
of  o  —  which  generates  it*  Por  this  reason  we  need  not  dis- 
tinguish between  Holder  functions  as  binary  Holder  functions, 
express  this  fact,  symbolically,  by 
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A 

On  the  other  hand,  the   snsce    SL~   u  i >ntains  binary   functions 

O  a  K 

which  are  not     Ftflder  functions.     We  express  this   fact  by 

A 

S/c,ND^c,N        * 
Furthermore   it  is  cle~r  that  5u  is   the   ccrnsnon  intersection 

A  M-#c 

of  all  spaces  £>nf0.fN 


JC  N   Jc,N  * 


and 


V/s  now  consider  cylinders  (b  composed  of  binary 
funt\ions,   called  "binary  cylinders"   and  the  Borel  sets,   called 
"binary   Borel  sets",   generated  by  these  binary  cylinders-   Evi- 
dently,  5b^   is   such  a. binary  3orel   set. 
c  A 

To  each  binary  cylinder  <S  we  assign  the  binary  Holder 
cylinder  (L  in  5*->,    i.e.,   the  cylinder  composed  of  Holder  func- 
tions which  has  the   same  base.   Then 

A  A 

Hence  d,  is  a  binary  Borel  set  •  ^ 

To  every  binary  cylinder©  we  assign  as  its  measure  m(Qi ) 
the  measure  of  its  base;  thus 

m(&)  «=  m(&)  . 

In  particular  we  have 


X-X2 


The  inequality  established  for  the  latter  measure  on  page  X-7 
thus  yields  the  relation 


* 

(+++)  &<&*,*>  >  e'z/c  for  c  >  c( 


Now  we  maintain  that  this  measure  is  totally  additive  for  bi- 
nary cylinders.  This  fact  is  implied  by  Kolmogorof f i s  main 
theorem  «   One  of  the  consequences  of  this  fact  is  that  rela- 
tion (+)  yields  the  inequality 


Since  the  estimate  (+++)  is  independent  of  N  we  have 

m(5?c)  >  e"a'c  for  c  >  cQ 


9 


Hence  (++)  yields 

In  other  words,  within  the  space  of  unrestricted  binary  func- 
tions  the  space  of  Holder  functions  has  the  measure  1  • 

T~ **"^TrT**Tr*nrn 1 1 rm "~rrr  irw  nnr  —  i     iwrn   n  — i m   ■—  mm    i      i  ■     ■  —     1     — —  — I  ■  wniTiwimi  ———WW      — '  "  ■   i   ■■       ■— —  Mr-nn^ 

ProrncS  s(JJn  5u       we  now  conclude  that,  the  measure  m  is 
totally  acditive  on  the  Holder  cylinders  ©\     At   the  same  time 
we  conclude 

k&)  =  m&)  =  m«£)   . 


*See  the  "Extension  Theorem",  p.l7#  Foundations  of  Proba« 
bility  Theory  by  A.N,  Kolmogoroff 9   Chelsea  1956, 
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o3. 'owe  that  the  measure  ra,  originally  assigned  to 
liiders,  is  totally  additive  on  the  binary  T!ttlder 
»  For  the  validity  of  this  statement  it  is,  of  course, 
fc  whether  or  not  we  rer.ard  the  Holder  functions  compo- 
represented  by  their  values  at  binary  points. 
*>w  must  consider  general  —  not  necessarily  binary  — 
.  composed  of  Holder  functions.  We  maintain  that  any 
\   inder  in  S?  is  a  Borel  set  generated  by  binary  Hfllder 

OMMh«MmmmmM     *^    C    mmnfamii  wiw  Milium— ^»jMMM      a  i  —  m»  -  !»'■  m  w  «■■■  ■  nni»i»w»nin  mcimmr»m  i   ii«»i.»>»iii>w.iwi.i     ^iqwim^MWiMit 

;  provided  that  its  base  is  a  Dorel  set  generated  by 
\  ?   cells.   It  is  obviously  no  restriction  to  assume 

\:e   of  the  cylii.'derQ!  is  an  open  rsctangulor  coll, 

:  ?qualtities  of  the  form 


fta  <%^&a)   <  bc  '  a  =  ^**°*m   • 


In  fact,  v.  is  no  restriction  to  assume,  in  addition,  that  the 
functions  *  have  a  bounded  Kfllder  constant,  c, 


(«>) 


I  /(S")  -  ^(s")l  <  c|s»  -  s"!^  i 


for  cylinders  without  such  a  restriction  are  the  li.uits  of 
cylinders  satisfying  it  for     c  — >  cd  • 

Now  let  a     be  binary  points,  associated  with  the  projection 
Pn,  which  tend  to  the  points  s     as  n  — ^oo,  and  let  Qln     be  the 


binary  cylinder  Q?n  defined  by  the  conditions 

IV  °'SS  -  SJ J<  ?\a}<   Iv'K  -  ■am- 
nion we  maintain  that  the  cylinders^11  tend  to  the  cylinders^ 
in  the  set-theoretical  sense.      In  fact,   let  the  function  "Xbe  in 
Qi$   since  it  satisfies  the  Holder  condition   (D)    it  will  be   in 
each  (£,     from  a  certain     n     on,   namely  if     n     is  chesen  so  large 
that 


°K  -  sJ  < 


minf(/(sa»  -  aa),(ba-X(sa))J      '. 
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If  the  functionaries  in  infinitely  many QJ,n     it  is  also 
in^sr*  ,  a^ain  by  virtue  of  the  Kfllder  inequality.  Thus  it  is 
seen  that  the  Holder  cylinders  <i^are  Borel  sets  generated  by 
binary  cylinders. 

The  measure  which  was  assigned  to  a  cylinder,  namely  the 
Gaussian  measure  of  its  base,  is  evidently  the  limit  of  the 
measure  of  the  approximating  binary  cylinders*   It  is  a  corol- 
lary of  the  theory  of  Borel  measure  that  the  measure  of  Borel 
sets  derived  in  this  fashion  from  the  measures  of  the  generate 
ing  sets  is  totally  additive  if  the  measure  of  the  generating 
seVhas  this  property. 

Thus  it  is  proved  that  the  Vfiensr  measure  assigned  to 
cylinders  composed  of  Hfllder  functions  with  a  fixed  exponent 
§*  <  •£  is  totally  additive.   The  total  additivity  of  m  uver  the 

continuous  function  is  achieved  by  assigning  the  measure  zero 
to  the  set  of  continuous  functions  not  in^» 


Chapter  XI 
Stochastic  Processes 

A  "stochastic  process",  which  we  shall  denote  by 
tXt,T,A  ,p,p],  consists  of  a  spa  ceil.  ,  a  Borel  field  p  of  sub- 
sets of  A  together  with  a  countably  additive,  non-neaative 
measure  p  on  p  such  that  p(J\)  =  1,  a  parameter  set  T,  and,  for 
each  t  €  T,  a  real-valued  measurable  function  (called  a  "random 
v&riable")  Xt(*)  defined  onil, 

Thus,  to  each  t  e  T  there  corresponds  a  function  X.,  We 
may  consider,  for  any  fixed  w^   e/lf  the  values,  for  each 
t  e  T,  of  X.(^o  )  as  a  function  (called  a  "sample  function")  de- 
fined  on  T.  Thus,  for  each  W  6  ii  there  is  a  functic  i 
defined  by 

^H)  *  Xt(u>)      for  t  e  T. 

The  space  of  sample  functions  can  be  made  a  measure  space  in 
the  obvious  way. 

In  many  applications  one  is  not  fiven  p  and  p  but  only 
Jx^J,T,  and«A«,  together  with  some  arbitrary  "probability  distri- 
butions" (see  below)  for  which  it  Is  desirable  to  construct  p 
and  p  In  some  consistent  way.   In  such  a  situation  one  usually 
takes  for  P  the  smallest  Borel  field  such  that  all  the  random 
variables  JX.J  are  measurable. 

As  an  example  let  us  consider  a  stochastic  process  of  what 
is  called  "function  space  type*.  Let  iX  be  a  space  of  functions 
with  domain  (0,oo),  let  T  be  [0,oo),  and  take  the  random  varia- 
bles to  be  defined  by 

Xt(iJ)  =  w(t) 

for  t  e  tO,co)  =  T    and  W=  ^(«)  eA.,  flote  that  in  this 
case  the  space  of  sample  functions  is  identical  with  the  under- 
lying space  i\9  We  shall  define  p  as  follows.  Let  p  be  the 
collection  of  all  subsets  of  XI  of  the  form 
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i   u>;  CO  e  A.,  [Xt  Uo),...Xt  (u>)]  e  a| 

./t*  :   (»)»«<)(.)  eA,  [A)(t1)l...,^ltn)]  eA| 

where  t,  *..t_  are  n  fixed  numbers  In  [0,co)  and  A  is  an  n-dimen- 
i         n 

sional  Borel  set.  Then  let  p  be  the  smallest  Borel  field  con- 
taining p  • 

This  is  still  not  a  stochastic  process  until  the  measure 
p  is  specified o   We  shall  make  use  of  two  theorems  of  Kolmogoroff 
which  will  enable  us  to  find  measures  in  a  fairly  easy  way. 
First,  however,  let  us  define  a  probability  distribution.   'Ve 
say  that  a  function  P  =  P(X,,..«,X  )  defined  on  real  Euclidean 
n-space  is  an  n-dimensional  distribution  function  if 

1)  P  is  monotonic  non-decreasing  and  left-continous  in 
each  variable  independently, 

2)  Lim  F(X?,  ...X....X*)  =  0  for  J  =  l...n  and 
Xj->-oo        / 

arbitrary  fixed  finite  \**}»  *  ¥   J»  and 

3)  Lim      F(Xr.,Xn)  =  1  • 

X,— >CO  «  o  o  .X -->go 
i    '    n 

The  first  theorem  is  the  Kolmogoroff  Extension  Theorem, 

Theorem  I;   If  a  collection  p  of  sets  generates  a  Borel  field 
P  and  if  p.  is  a  countably  additive  non-negative  set-function 
on  p  then  there  is  a  uniquely  determined  countably  additive 
non-negative  measure  p  on  p  coinciding  with  c  on  p  .  We  call 
p  the  extension  of  p  to  p. 

The  second  theorem  shows  how  to  construct,  us ing  the  notion 
of  distribution  function,  such  a  set-function  p  without  having 
to  verify  directly  its  countable  additivity.   (NO.  We  state  a 
special  case  of  this  theorem  applicable  to  our  example.) 

Theorem  II  %     To  every  collection  /t,o . « t  t  of  n  parameter  values 
(n  =  lv2.c.)  let  us  assign  an  n-dimensional  distribution  func- 
tion F*    ^  (•)  satisfying  the  following  compatibility 

1"  * "  n 
conditions  - 
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1)   if  ll.vf.l  I  is  any  permutation  of  tho  integers  /l...nl 

and  if  < X « . • • X  I  is  any  point  in  the  argument  space  (X,  real) 

then 

.  P*    4.  (X, ...X  )  =  Ff     f   (X,  ...X,  )   and 
tv..tn     1    n     ti1,,,tin   1     n 

2)     If  1  <  '.;  <  n  then,  writing 

Lim  Ff  «.    (X....X   )  =  P^  f    (X,  «..X.  ,co  , .  ..oo  ), 

.  + ,—>co  •  •  •  X  — >co      in  in 

^e  must  have 

p.  .    (X.  •  •  9  X.j  co  •  •  «co  )   =  F.  .    (X1«..X1_). 

Then  every  set  of  p     is  of  the  form 

B ,  *  itoi    <•> ■  ■   Cu()    zfl,    tC0(t1)...^(tn)]    e  AJ 

lor  some  A  <  E^  and-ve  define  p~(B)   as 

p0(B)        =       I       dPt         t  (Xi-.-V    ...."■■'• 

v  A  x         n 

Theorem  II,  then,  states  that  the  s et-f unction  p  on  P  so  con- 
structed is  countably  additive.   It  is  obviously  non-nerative 
and  so  satisfies  the  condition  of  Theorem  I« 

We  thus  see  that  for  a  process  of  function  space  type  one 
can  define  a  stochastic  process  given  the  space  J\t  the  parame- 
ter set  T,  the  random  variables  ix. \t  and  a  compatible  specifi- 
cation of  the  distributions  of  each  finite  collection  of  random 
variables.  Although  we  have  shown  this  only  for  processes  of 
function  space  type  we  note  that  any  abstract  process  can  be 
represented  bv  one  of  this  type  by  means  of  the  sample  functions 

Before  proceeding  to  a  familiar  example  - —  the  Brownian 
Motion  Process  —  let  us  insert  a  couple  of  definitions. 

We  say  that  a  stochastic  process  JX.  ?T,/X,P,r j  has  "inde- 
pendent increments"  if,  for  t  <  t,  <••••<  t  {t^   c  T,  real) 
and  1-dimensional  Borel  sets  A*  (i  ■  l,...n), 


XX-i* 


:  &>  e  fl$   [Xt  (co)  -  Xt   (Co)]  e  A1  ,  1  =  l,,..nj  ) 

X  A  —  J> 


■— i  ■!"» 


TT  P(  w   :  ^  eA,  [X.  (60)  -  X.   (c*;)]  c  A.\  )  . 
1^=1  *i       *i-l       15 

He  say  th  t   the  stochastic  process  has  "orthogonal  incre- 
sw  If 5  for  ^  <  tg  <  Sj  <  s2  (tjjSj  e  T,  real), 


|r.[Xt  (*»)  -  X.  (a>)][X_  ( 

i  8.     a*^  V«  Sp 


)  -  Xffl  (O)Jp(d^) 


a 


0 


Hot©  that  a  stochastic  process  with  independent  or  ortho- 
gonal increments  is  usually  obtained  by  specifying  the  distri- 
butions of  the  increment  rather  than  those  of  the  random  varia- 
bles themselves.  To  make  the  original  functions  random  varia- 
bles on©  takes  X  (w  )  =  0  so  that  each  X.  is  itself  an  increment. 

We  now  consider  the  stochastic  process  corresponding  to 
th©  physical  phenomenon  of  Brownian  Motion «  If  microscopic  par- 
ticles are  observed  in  a  fluid  they  are  seen  to  move  in  an  irre- 
gular manner  due  to  the  imbalances  of  the  impacts  of  the  mole- 
cules of  the  fluid*  To  a  first  approximation  the  X-coordinate 

of  the  particle  at  time  (t^  +  t)  defines  a  real-valued  function 

o 

for  t  €  (09co)  which  may  be  identified  with  a  sample  function 
H(t)  of  a  stochastic  process  of  function  space  type.  The  under- 
lying space  jt\g   as  was  noted  above,  may  be  identified  with  the 
space  of  sample  functions  and  consists  of  the  functions  It^(')} 
defined  on  fO,co)  and  such  that  u.»  (0)  s  0,  As  before  T  =  [0,co) 


XA<*!)     =  ^(t). 


set 


0, 
define  p     as  before  and,   letting  t     =  0, 


PV,ti/Xl##-Xn' 


>n 


(2*) 


J  <trti.i» 


i 

2 


-CD 


-CO 


n 


u 


\ 


^1  ti"ti-)J 


du^» • «dun# 


Th;je  are  clearly  compatible  distribution  functions.  Prom  them 
we  \efine  p  by  Theorem  II  and  then  the  measure  p  on  p  by  Theo- 
rem I.  This  measure  p  is  known  as  the  Wiener  measure  on  the 
•pa^e  of  real-valued  functions  on  [0,oo)«  This  stochastic  pro- 
cess has  independent  orthogonal  increments  and 

inlxt(u,) "  v<°,l2p(dft,)  =J/t[u,(t)  -w<s)J2p<d<°) s  I*-3! 

*<hich  implies   that  for  almost  all    io  t  J\ 

*0(t)  ->   &>(s)  as  t->s 

so  the  continuous  functions  in  «fi-  have  measure  1  (almost  all 
functions  in  &  are  continuous). 

We  consider,  now,  a  general  stochastic  process  (say  of 
function  space  type)  for  which  the  parameter  set  T  is  non- 
denumerable  (say  [0,co)).  One  would  like  to  be  able  to  deter- 
mine, for  example,  the  probability  that  a  function  fa   e  ZT.be 
bounded  on  a  given  interval  J  by  a  given  constant  C;  i.e. 

\  Wsl.u.b.  IftKt)  |  <  C  ]  )» 


Unfortunately,  this  question  has  no  meaning  as  the  set 

\to  sl.u.b. | co( t) I  <  C >  is  not  necessarily  measurable.  In  fact, 

in  general  sets  defined  by  a  relation  as  above  on  a  set  which 

is  non-denumerable  will  not  be  in  p.  [We  shall  prove  that,  if 

J  is  non-denumerable  set,  /&0:l.u.b.  l<^(t)|<  Cl  has  inner 

*    tc#        ~  > 

measure  0.]  We  might  extend  p  to  include  such  sets  but  their 

measure  would  not  be  determined  by  the  finite  dimensional  dis- 
tributions. One  way  out  of  this  is  the  introduction  of  the  no- 
tion of  separability. 

Before  doing  so  let  us  prove  the 
Theorem  III:  If  JL   is  non-denumerable  then  the  set  A>  where 


A  ■  (^  sl.u.b.  |o»(t)|  <  C| 
I    te4  »■ 


has  inner  measure  zero. 
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Proofs   Let  A'  be  the  complement  of  A  and  let  T  =  U  l« 
—  1=1  1 

be  a  covering  of  A1  with  each  (T  s  P0«  As  each  (T  e  p  it  is 

defined  by  relationships  involving  only  a  finite  set  of  para- 
meters. Altogether,  then,  there  is  denumerable  set  \tA   v,  T 
such  that  each  f7  is  determined  by  relations  involving  only  pa- 
rameter values  in  ft,  J.   Let  o)      =  Co  A')   be  any  function  in 
n  we  can  construct  a  function  CO ^   e  /"L  such  that 

W1(V  =  CJo(tj)        l*   =  1.2....) 


I ^1(s)j  >  ce 

Then  &>,  6  A1  £  T  and  so,  as  the  values  of  ^  on  j t .  X  are  iden- 
tical with  those  of  (^,  and  these  alone  are  sufficient  to  deter- 
mine membership  in  [~»  U^  £  I  •  This  proves  f    =  /X, 

o 

p(  T  }  =  1  and,  as  this  is  true  for  any  J~   of  this  type,  the 
inner  measure  of  A  is  zero. 

Let  us  now,  return  to  the  notion  of  separability.  We  say 
that  a  stochastic  process  [X.  ,T,il,,p,p]  with  T  =  [0,co)  is  se- 
parable if  there  exists  a  denumerable  set  jt,|  c  T  and  a  set 
A  e  P  with  p(A)  =  0  such  that,  for  every  closed  interval  A 
and  every  open  interval  &  s 

l(S  (J  81}  -  (S  D  S«)]  £  a 
S  =  |c*J  for  every  t  e  3  ,  Xt(4>)  e  A  j 

S«  -  i(ot   for  every  t  e  (/t/l  0  /  J»  xt(u;)  c  Ai  • 

In  essence  this  enables  us,  piven  a  relation  specified  on  an 
open   set,  to  replace  it  by  a  relation  on  a  denumerable  s  et  — 
except  for.  at  most  a  set  of  functions  of  measure  ze^o. 

We  shall  assume  from  here  on  that  p  is  complete.  Then 
©very  subset  of  /\   is  itself  measurable  and  has  measure  zero. 


where 


and 
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We  note  that,  for  a  separable  process  and  a  complete 
measure,  we  have,  given  any  open  set  j ,  for  almost  all  u; 


g.l.b,  X.  (u>)  =  g.l.b.  X.  (CO) 
l.u.  j.  Xk(W)  =  l.u.b.  X¥   (u>)  . 


Thus,  f(0)  -l.u.b*  X.  (D)   and  so  on  are  random  variables. 

teJ    * 
The  relations  (1)  could  have  been  used  to  define  separability. 

Theorem  IV;   If  there  is  a  denumerable  set  (t*}cT  and  if  for 
each  open  interval  <P  there  is  a  set  Aa^P  such  that  p(/\J-  0 
and  (1)  holds  for  all  W^Aft*  then  the  process  is  separ  ble. 
Proofs  Enumerate  all  the.  open  intervals  with  rational  end- 
points  calling  them  /#  \  •  Let  A  =  \J  Af)  •  Then 


r 


co 

<  Ejp(A4  )  =  o  . 


We  note  that,   even  for  $/{§ J  >/\j)  C  A  as,  for(d/A# 

g.l.b.  X^M^  &.l.b.{g.l.b.  X*  (*>))»  g.l.b.  jg.l.b,  X.    fc))l 


88    g.l.b.     X 


For  any  given  A  and  9  $   then,  disregarding  points  of  A. 

S  «{u>s[g.l.b.  X.(U))]eA,  [l.u.b.  Xffc>)]eAJ 


(tOstg.l.b.  X.    ((.0)]eA,  (l.u.b.  X.    (io)]ca)=  S« 
1         tjej      *j  tjc&      ti  > 


so  the  process  is  separable. 
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Note,  also,  that  the  inclusion  of  (a  denumerable  number 
of)  additional  points  in  {t.V  leaves  (l)  unaltered. 

We  define  the  limit  in  the  mean  (abbreviated  L.i.m.) 

of  a  sequence  of  random  variables  as  follows. 

L.i.m,  fn{C0)  ~  f(0)  means  that/"  jf^to)  |2p(di0)  <  oo  for 
n  ->o© 
every  n   and 


n.„.    t^ifn. 


|f^(co)-f(u/)|  p(du»)  — >  0   as  n  —>co 
'sTL      n 

This  Integral  is  defined  as  the  usual  Lebesgue  -  Stielt jes 
integral. 

We  now  prove  the 
Theorem  Vg  Let  [X  ,[0,cd),^»,  p,p]  be  a  separable  stochastic 
process  such  that,  for  any  t  e[0,oo  ), 


Further,  let 


Lei.m.  X.  (W)  =  X.  (CO)  • 
t->t  ■        zo 


a  <  sjn)  <  .t9  <  Sfi(n)  <  b 
0         ~  an  - 


be  a  sequence  of  subdivisions  of  [a,b]  becoming  more  and 
more  dense  as  n  — >  co  •   Then 

« 

La.m*     max    X      ,-  AO)  -  l.u.b.  x{°^ 
n->co  CKj<an  S,w  te[a,b]     * 

for  almost  all  G^g-A.  , 

Proofs  Write  X^(tcy)  «  x(t,lo).  For  any  given  t'  choose,  for 

each  n,  an. integer  j(n)  so  that 


Then 


L.i.m,  x(s'?La>)  a  x(t',C^) 


n  -*>  oo 
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Then  it  is  well  knon  (see  Doob,  Stochastic  Processes,  pp. 

8  and  9)  that  there  is  a  subsequence  x(S,/^  w^o)  which 

converges  pointwise  to  x(t?,(0)  for  almost  all(^eJ^-  .  It 
follows  that 

x(t',W)  <  lim  inf   max   x(S£nv',i3)  , 

n„-*oo  0<k<aw 
v       —  ■*-  n 

v 

Certainly $   however, 

(nv) 

lim  inf    max  x(Sk  v  ,lo)  <  l9u8b.  x(t,0) 

n  «=>oo   0<k<a_  t  e  ' 


which  proves  the  theorem. 

Happily,  in  the  base  space  of  separable  process  all 
interesting  sets  are  measurable*  This  will  not,  however, 
be  useful  unless  it  can  be  shown  that  any  stochastic  process 
can  be  replaced  in  some  reasonable  way  by  a  separable  pro- 
cess. This  can  always  be  done. 

We  shall  prove  the 
Theorem  VI;  Let  [Xt,[0,co  ),A,p,p]  be  a  stochastic  process 
of  function  space  type.  Then  there  exists  a  set  -A.,  C  S\9 
not  necessarily  measurable  but  of  outer  measure  1  and  there 
exists  a  denumerable  set  it.}  such  that,  for  this  ft.j  and 
for  all  WeA^s  (1)  holds • 

Before  proving  this  theorem  we  shall  state  and  prove 
three  lemmas* 

Lemma  (l)g  Le.t  3  be  any  open  interval  and  let  |s.V  be  any 
sequence  in  5©  Then  there  is  a  sequence,  [^A   depending  only 
on  the  interval  J  such  that  for  almost  all  we/l 


•u.ba  [x(S4,io)3  <  l.u.b.  [x(T4,Ui)] 

g.l.b.  Cx(S4,w)J  >  g.l.b.  [x(¥.,C>)]  , 
i  J        i  a 
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Lemma  ( 2 ) s  There  is  a  fixed  sequence  {t,j  such  that,  for  any 
©pen  interval  (or  for  that  matter,  any  open  set)  }  and  for 
any  sequence  /s.|  in  §  , 

A*ueb9  [x(S4,tO)J  <  l.u.b.   fx(t*  to)] 
3    1       J     °"   ,*  iv      J 


a 


g.l.b*  [x(S«, 

4  a 


*-,* 


g.l.b.  tx(t*,u>)]  . 


Lemma   (3^g     For  any  given  t  define 


x.(t,L3)   "■!♦»       g.l.b.      fx(t*  co)] 


x*(t, 


|tj-t|<6 


■  lira      l.u.b.     [x(t*  U)]   . 
e*°     |t]-t|<«  ' 


9  for  almost  all  Weil 


&>£ 


Cl') 


x#(t9t»)  <  x(t,u>)  <  x*(t#w)  . 


Proof  Cof  Lemma   (1)] %  Let 


M  a        l.u.b.  I      taa*1(l.u.b.  Cx(tf., 

all  sequences     Oft  J  J 

to)  M 


C0)p  (dtf) 


&■»■        g.l.b. 

all  sequences 
{vi}  in  9 


j   tan^g.l.b.  lx(CyO)])p(dQ   . 


Then  there  are  sequences  fs(kH  in  J  such  that 
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#1  . 

lim      /     tanMl(l.u.bt    [x(s\k',0»  )p(di*)   =M  • 


Let  1$. ]  bi   the  union  of  the  sequences   -JS.(k)|  arranged  in 


some  order «.     Then 


f      tan"1   (l.u.b.    tx(£|fw)])p(du>)   =  M  . 
Similarly,  we  define  It  A  so  that 

Finally,   let  it  A  be  the  union  of  jt  A  and  i^A   arranged  in 
some  order.     V/e  have,   then,  both 

-■        .     *         •        '.".'.*■.• 

Jtan4  (l.u.b.    [x(t4,io)l)p(di4  =  M     and 
ft  i  ? 

(       tan"1  (g.l.b.   [x(t\,fc>)])p(d^)  =  N  . 
t/JV  j  J 

Let  few  be  any  sequence  in  8  and  suppose,  for  example,   there 
were  a  set  2Z  eP  with  p  (^  )  >  0  such  that,  for  all  toejT]  , 

l.u.b.   tx(s0u>)  >  l.u.b.    [x(t«,W>]    • 
J  J  i  J 


Let  Js'|t  be  the  union  of   Is  A  and  J1T.I     ordered  in 
some  manner.     Then,   for  aliOe-A., 


l.u.b.   [x(s4#u)]   >  l,u.b.    [x(1f4,<0)] 

and,   for  all  toc^Z  , 

i 

l.u.b,   ix(s,,    )]   >  l.u.b.    [x(t,,t</)] 
J  J  J  J 


»        > 
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l»uebe   lx(sA$i4)]    >  l*u.b.   [x(t,,^)] 
J  J  i  J 

and,,   therefore, 

f  tan<5=1(l.ueb9[x(sf,,(0)])pCdu>)>       tan^d.u.b.  [x(t  .,U)  J  )p((M=M 


contradicting  the  definition  of  Me  Similarly,  if  there  were 
a  set  JH  gp  with  p(]T^  )>  0  such  that,  forUe^, 

goleb*  fx(s,PU)]  <  g.leb0  [x(t  .,«->)]  9 

j  J  J  J 

©ne  would  arrive  at  a  contradiction  of  the  definition  of  N. 
Thus 5  for  every  sequence  {s,|  in  5  and  the  fixed  sequence 


one  has.  for  almost  allUeA 


(0)] 


•ueb„  [x(s,,u3»  <  l.u.b.  [x(t,, 
gol»b.  (x(s.,U))]  >  g.l.b,  [x(t.,W)] 

J  3      -    i  3 

proving  the  lemma. 

Proof  [of  Lemma  ( 2 ) ] :  Let  Jv  I  be  the  set  of  open  intervals 
with  rational  endpoints  in  some  order*  Let  it ,     \   be  the 

tA   shown,  by  Lemma  (1),  to  exist  for  %   •     Let 

«$  r—   ■» 

it**  *>e  the  union  of  all  the  <t,  A   ordered  in  some  manner. 

Clearly  the  inequalities  (a  )  hold  for  any  *Je-p  C«  Suppose 

in  some  open  set  9  there  were  a  sequence  |s.  I   such  that, 

for  example,  on  a  set  of  positive  measure 

X.u.b,  [x(s.  ,0)]  >  l.Ueb.  [x(t*,6»l  . 
k  tJeJ      * 
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Then,  for  some  k, 

x(sv,(0)  >  l.u.b#   Cx(t*iO)]    . 

y1 

As  o  is  open  we  may  find  an  open  interval  JeJiL]  such  that 
8.  ejQ  and  we  may  take    jcr.  |  to  be  any  sequence   in  J  such 
that  s^e  JoVl  o     Then 

l.u.b«  [x(o-j,tO)J    >  x(sk,Q)   >  l.u.b.  [x(t.,lO)J    >  l.u.b#[x(tj,^>)] 
J  t*e9  t*ej 

oontradicting  (a  )  for  ^sj orY«  Similarly  one  gets  a  contra- 
diction by  assuming  the  existence  of  an  open  set  Sf  and  a 
sequence  fs.  \   in  J1  for  which,  on  a  set  of  positive  measure 

•  •   •  • 

g.l«bt  tx(s.,tf)]  <  g.l.b.  fx(tt,u))]. 

k  *!«v 

Thus  the  lemma  is  proved* 

Proof  fof  Lemma  (3)1  s  Suppose  there  were  a  set  J^  ep  with 
pQO  >  0  such  that,  for  u)eJIi 

x(t,<o)  <  x„(t,tf)  -  lira  g.l.b.  (x(t*0)]. 

**°  |tj-t|<e    J 

Then  there  would  be  an  eQ  such  that,  for  Qe^~  and  0  <  e  <  e  , 

g.l.b.  [x(t1,0)l  >  x(t,io)  . 
|tj-t|<e 

That  is,  letting  ^  be  the  open  interval  (t-e,t+e)  and 
letting  l*A   be  any  sequence  in  $  such  that  te/iA  , 
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g*leb.  [x(t4#U$]  <  x(t,CO)  <   g.l.ba  [x(tt,W>)] 

V 

for  lOe!P  which  contradicts  Lemma  {2)«  Similarly  the  assump- 
tion x(tg{fi))  >  x  (t,iO)  on  a  set  of  positive  measure  leads  to 
a  contradiction  and  the  lemma  is  proved* 

Proof  [of  the  Theorem];  Let  -ft-  be  defined  by 

A^s:{tO:for  every  te[0,oo},  x^(t,<0)  <x*(t,<*>)}  . 

To  show  that  A^  has  outer  measure  1  let  f"'  be  a  countable 

p  - covering  of A,  ;  i.e9  -  let  fi  €P0  andJ\,C  J~"=  Q*  i — 

i-1 '  i 

Each  of  the  jT§  being  in  p  ,  is  defined  by  relationships 

among  the-  values  of  X+  for  a  finite  number  of  tfc.  Let 
&*\   be  the  union  of  all  of  these  in  some  order. 

Let 

|~  *  [*>,  for  te^,  x#(t,o)  <  x(t,u))  <  x*(t,u>)}. 

Then  p(FT)  s  1  since  its  complement  is  the  union  of  a  de- 
numerable  number  of  null-sets®  We  have  not,  as  yet,  used 
the  fact  that  the  process  is  of  function  space  type.  Let 
^(Oc/U  and  let  cr(?)  be  any  element  in  .["T  •  We  write 

to*tt)  «x(t/*))  =  liai  g.l.b.  [X  ^(1$) 

4°  jtj-ti<e  *J 

and  so  on»  Then 

%&)   <^(t)  <  to(t)    for  all  t  e[0,co) 

crjt)  <  ctt)   <■  $(t)  t  e  T^   ♦ 


xi-i£ 


Let  nft)  *     (  <r(t)  te{Tj\ 

W(t)  t^JTjl 

Clearly  iry  *  leA^  and,  therefore,  r^(*)  e  T  •  But*  as  ^t*) 
is  equal,  for  teiT.i,  to  a  function  in  ]  and  thus  satis- 
fies all  the  defining  relationships  of  [""",  we  have  o~(')e[~  • 
Hence  |T  9    and  p(f~")  =  1  so  the  outer  measure  ofJl,  is  1. 
We  must  show  that  (1)  holds  for  (Oejl,  '•  We  know  that  (1« ) 
holds  and  must  show  that  (lf)  implies  (1).  We  note  that 


g.l.b.  [x#(t,u>}] 
tei 


g.l.b.  lim   g.l.b.  [x(t*,«0)J 
te«    40  jt*.  t|<e     3 


|t]-t| 
=  g.l.b.  tx(  **!*)] 

tjei    J 


Then,  from  (1« )  , 


g.l.b,  [x(t,0)J  >  g.l.b.  [x„(t,0)]  =  g.l.b.  [x(t*  O)] 
te5         .    te»  t»f|      J 


and  as,  clearly 


we  have 


g.l.b.  tx(t,u>)]  <  g.l.b.  [x(t*  tj] 

g.l.b.  tx(t,0)]  =  g.l.b.  (x(t?,fc)))  . 
te»  tjel     J 


Similarly 
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l.u.b.    (x(t,u>)]    =  l.u.b.    lx(t*l90)] 
te>  tjel  J 

which  proves  the  theorems 

A  new  stochastic  process   [Xt,[0,co  JjAjP^p^J   can  now 
be  formed  where 

px  =    {Ss    S  =   (B/»A1)U(B2OJlJ);    Bj^ep} 

PX(S)   =  pfB^ 

This  new  process  is  separable  and  is  an  extension  of  the  old 
as,  on  p,  p,  =  p.  The  theory  is  still  not  quite  satisfactory 
as  the  set  A,  is  not  uniquely  determined. 

We  shall  now  apply  the  notion  of  separability  to  the 
study  of  Brownian  motion  processes. 

We  shall  prove  the 
Theorem  VII:  Almost  all  of  the  sample  functions  of  a  separ- 
able Brownian  motion  process  [Xf.#T#/Ljp,p]  are  continuous. 

First  we  prove  two  lemmas. 
Lemma  (1);  Let  {y^A  be  a  sequence  of  mutually  independent 
random  variables  (yk  e{x*j )  from  any  stochastic  process 
[Xt,T,.ft,p,p] .  That  is,  for  every  n  and  every  n-tuple  of 
Borel  sets  (Bkl, 

P(  (rtsyk(u>)  eBk,  k=l.,9n]}  =  JT  P({^yk(u))  e\\    ). 

n 
Let  ^n ( u')~'y~'yiz ^  and  suppose  that,  for  every  m  and  n, 

P({0:|yn(u>).Yn(o)]  <  0]}  -  p({i0:[yn(O)-Ym(O)J  >  o}). 
Then,  for  every  n  and  every  X  >  0, 
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pt/u):  max  f.Y,W)]  >  \\)  <   2  p()u):Y  (O)  >  \\). 
\    0<J<n   J       )  -     (   »      ) 

Lemma   ( 2 ) :   In  a  separable  Brownian  motion  process,  for  any 
a  <  b  and  any  X, 

p(h  [i^b,{(X(t''0)}  "  x(a'C)"U  X]>  2  |ySS6-x2/2(b-a). 

Proof  [of  Lemma  (1)1;  Let  v  =  v(u>)  be  such  that,  for  k  <  v, 
Yk((J)  <  X  and  YV(L>)  >  \  so  that,  for  anyO,  YyyM  is  the 
first  increment  greater  than  cr  equal  to  X,   If  for  no  finite 
k  is  Yk(cJ)  >  X  let  v  (u))  =  co  •   Using  the  hypotheses  of  inde- 
pendence and  zero  median, 

p((lO:  max  [y,(u))1  >  X  and  YM  <  x] 

I   J5»   J  n    > 

=  ^Z  P<(^sv^'  =  k  and  Yn(u>)  <  Xj) 

n~l 
c  FT  P({^v(iO)  =  k  and  YnM   <-Yk(0)]) 

c  EI  P(f<0:vM  =  k])p(|0;[YnM-Yk(u»1  <  0  }  ) 

—  p((l5sv(0)  =  k))p([0:[Yn(0)-Yk(OJ]  >  0  j  ) 


p({i^sv(M  *  k  and  Yn(u>)  >  Yk(U)  >  x}) 


or 


<  P({Q:Yn(^)  >  X  ]  ) 
p([0:  max  [Yj(O))  >  X  and  Yn  <  x})  <p({0:Yn(U)  >  xj). 
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Clearly 

p(|(J:  max  [Y.(u»]  >  X  and  Yn  >  \l)   <   p(f<J:Yn(U)  >  X})  . 

Hence j  adding, 

p(fa:  max  [Y^  (<*>)]  >  X  })  <  2  p(fO:Yn(a)  >  XJK 

Proof  [of  Lemma  (2)):  Let  }t0*«»tJliCT  =  [0,oo)  be  such  that 

a  =  t„  <  t,  <  ••.< .t  =  b. 

ox        n 

By  Lemma  (1), 
p(CtO:  max  [x(t.,o)  —  x(a,U)  >  Xl)  <  2p(f0:[x(b,<0)-x(a,O)]>  Xj), 

If  we  consider  subdivisions 

a  =  t0<k>  < Vk>  <  ..  <  tn<k>  =  b 

becoming  more  and  more  dense  then,  by  Theorem  IV, 

P«0:l.u.b.  [x(t,^)-x(a,u>)J  >  X?)  <  2p(SQ:[x(b,0)-x(a,tt)]  >  \\) 
i  a<t*b  " .  J      I 

c  2  — 1 f   e-^/2<b-a'd^  <  iyHEiIe^2/2(b.a)# 

>/2Tr(b-a)  "X 

proof  [of  Theorem] ;  V/e  shall  actually  prove  that  almost  all 
tOCOelt are  not  only  continuous  but,  in  every  bounded  interval, 
uniformly  continuous.  Let  us  note  that 
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p(W*):max  l.u.b.   |x(t,0)-x(  j/N,u>)  I  >  N~X/M) 

<IZp(^'  l.u.b.  |x(t,U)  -x(J/fc,d)l  >  N"1^}) 
~1SI   (   |Nt-j|<l 

N2    r*-   ,  /,.  _  AT7*     «-  j/Ij  '^872  " 


<  £  2 /T  »"lA»VB7Z  -  2  /w  ■' 


Noting  that 


J  2  f  N7Ae-^75><D, 


we  have i  by  the  Borel-Cantelli  lemma,  the  opposite  inequality 
almost  everywhere.  That  is,  for  every  N  >  0,  we  have,  for 
almost  allOe/L,  writing  x(*,io)  =  (*)(•)# 

(*)  Ut)-u;(j/N)l<rlA 

for  all  t,j  such  that 

It-J/Nj  <  l/N.  and  t  e  (0,N)   . 

Clearly,    for  almost  every  u;eJ),    (*}    is   true  for  every  N  >  0 

since 

p(|Os  for  some  N  >  0,  (a)  is  false  j) 

<  T~  p({Of  for  N=k,  (*)  is  false  J)  =  0  . 


Let  A  be  the  set  of  functions  u>(  • )  in  A  for  which  (*)  is 
true  for  all  N.  Note  that  p(A)  -  1«  Then,  for  any  Ot/\, 
given  c  >  0  and  te[0,oo  )  let  N  >  max  <|  e  "*f  t\  and  let 
0  =  g  •  For  any  t»  such  that  |t'-t|  <  6  there  is  a  j  <  N2 
such  that  |t-j/N|  <  1/N  and  |t'~j/N|  <  1/N.  It  follows  that 

Mt)  -p(t«)|<|0(t)-u>(j/N)  |  +  |i5(t«)  -A(i/U)\  <   2K"X^<  e. 

Hence  eaohL)(«)e/\  is  uniformly  continuous  in  ev<  ry  bounded 
subinterval  of  T  =  (0,oo). 
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We  wish,  now, to  define  a  "stochastic  integral" •  That 
is,  if  [x(t,  ••  ),[0,oo  ),-fL,p,p]  is  a  stochastic  process  with 
orthogonal  increments  we  shall  try  to  give  meaning  to  the 
expression 

J  f(t)x(dt,Q)  • 

We  say  that  a  stochastic  process  has  orthogonal  incre- 
ments if,  whenever  s  <  t  <  s1  <  t1, 

/~  [x(t,W)-x(s,O)][x(t',O)-x(s»,0)]p(dU>)  =  0. 

.  It  follows  (see  Doob,  Stochastic  Processes,  pp.  99-100)  that 
there  exists  a  unique  non-negative  measure  dP  [i«e«  -  a  mono- 
tonic  non-decreasing  function  F(.)  unique  to  within  an  addi- 
tive constant]  such  that 

/  [x(t,i0)-x(s,O)]2p(du))  =  F(t)-F(s)  fort  >  s  e[0,co  ). 

Write 

•  •  •     « 

x  (t#  ••}  a  L.i.m«  x(t,-)  and  x"(t,*)  =  L.i.m.  x(t,*)  • 
a  jt  s|t 

Then,  except  for  an  enumerable  t-set, 

x*(t,')  =  x(t,«)  =  x*(t,-)  • 

Por  the  measure  dP  mentioned  above  let 

op 


£|  *[*<•):  J   ff(t)]2dP(t)  <  a>j 


and  let 


i^-{]*(Oij[  [♦WlStd^J  <  oo } 
We  will  define,   for  any  f(')e/,|  ,   a  functiona\  f  as 


XI-21 
op 


f(O)  ■  /  f(t)x(dt,0) 


We  start  by  defining  f  when  f  is  a  step  function  of  the  form 

f(t)  =     (  c4         t  eta,  ,,aj   (J=2...n  ) 


fc.         t  e[a,  paj   (J=2...n 
0  t  i  fa1,an) 


where  0  <  a,   <a0<..«<av<co, 
—     JL         d  n 

A 

For  such  a  function  f  take  for  f 

f  (t)x(dt,U))  =  Yl  cJ[x"(aj--1,0)-x"(ajp)] 

or,  for  that  matter,  any  function  in  J  -.  equal  almost  every- 
where to  this  £• 

It  follows  from  the  assumption  that  the  process  has 
orthogonal  increments  that 

Xa  9° 

f(cJ)g(u»p(dl»  =  Jf(t)g(t)dt 

and  this  mapping  is  an  i some try  and,  hence  continuous. 

Therefore  this  map  of  ;£„  into.^jx  can  be  extended  to  the 

closure  of  the  set  of  step  functions  of  the  above  type  (in 

the  topology  generated  by  the  scalar  product  ffgdF),  That 

is,  if  lim  f  =  f  in  tneoLp  topology  then  L.i.m.  f  exists 

n->co  r  n— >oo 

and  we  define 

f  =  L«i»mt  f  • 

As  the  closure  of  this  set  of  step  functions  is  all  of  iS 

9  2  J  2 

we  have  an  isometric  mapping  of  jZ   lnto.J^«  It  is  inte- 
resting to  note  that,  if  the  process  is  such  that 
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J^lxtttti)  -x(s,D)]p(dO)   =  0  , 

(for  example  if  it  is  a  Brownian  Motion  Process)  then,   for 
every  f efp, 


Jf(0)p(dlj  -mf    Jf(t)x(dt,iO) 

Silo 


p(d^)  =  0  . 


* 
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Chapter  XII   Integration  Over  Outer  Hilbert  Space 

§   Introduction. 

In  earlier  lectures  a  theory  of  Integration  over  Hilbert 
space  (with  respect  to  a  Gaussian  measure)  was  developed,  and 
certain  basic  results  derived.  Among  these  was  the  fact  that  a 
cylinder  function  f(x)  which  is  "integrable"  possesses  very 
strong  M in variance"  properties.  Thus,  in  particular,  it  follow- 
ed that  the  measure  of  cylinders  which  are  cylinders  with  refer- 
ence to  a  given  basis  (or,  rather,  with  reference  to  a  complete 
basic  system)  may  be  computed  equally  well  with  reference  to  any 
other  complete  basic  system.  This  intimates  that  in  some  sense 
one  should  have  "total  additivity  of  the  measure"  even  though, 
as  we  have  seen,  the  measure  we  have  defined  in  Hilbert  space 
is  not  totally  additive.  This  intimation  would  be  substantiated 
if  we  could  find  an  "extension"  of  Hilbert  space  —  call  it  W 
(W^fi)  —  such  that  the  cylinders  of  A(i.e.,  cylinders  with 
reference  to  any  base)  are  filled  out  in  W  by  the  addition  of 
new  elements  (if  C  is  a  cylinder  in  R$   call  Cw  the  corresponding 
cylinder  in  W),  in  such  a  way  that  there  would  be  a  totally  addi- 
tive measure  \l,   over  W  with  respect  to  which  the  cylinders  Cw 
would  be  measurable  and  such  that 

(*)  ^(cw)  =  nR(C)  . 

This  goal  will  be,  in  part,  achieved  in  the  ensuing  discussion. 

For  a  given  complete  basic  system  (P),  an  extension  W(P) 
of  ft  is  constructed  by  considering  so-called  "weak  elements". 
This  space  V/(P),  which  we  shall  call  a  "basic  corona",  is  simply 
an  unrestricted  sequence  space  In  which  the  Hilbert  space  f\  is 
imbedded  according  to  its  coordinatization  relative  to  the  basis 
corresponding  to  (P).  The  extension  of  the  measure  ^  from  /I  to 
W(P)  can  be  performed  In  a  woll-known  manner  so  frit  it  is  total- 
ly additive  and  satisfies  condition  (  *) . 
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Next  we  consider  simultaneously  two  complete  basic  systems, 
(P)  and  (Q),  and  the  corresponding  extensions,  W(p)  and  W(Q). 
We  then  proceed  to  show  that  there  exists  a  1-1  measure-preser- 
ving map  between  them,  called  "natural  transfer",  which  is  de- 
fined "almost  everywhere".  Those  elements  in  W(P')  which  admit 
natural  transfer  to  W(Q)  will  then  be  identified  with  their 
images  in  W(Q);  such  elements  will  be  called  "common  weak  ele- 
ments". The  space  W(P)(Q)  of  these  common  weak  elements  will  be 
called  the  "corona  generated  by  (P)  and  (Q)".  The  extension  of 
the  measure  \l«   to  W(P),  when  restricted  to  W(P)(Q),  then  leads 
to  an  extension  of  [i~   to  V/(P)(Q)  which  is  totally  additive  and 
satisfies  condition  (*). 

•  Finally,  to  any  countable  set  {(P),(Q) , .  •  .1  of  basic  sys- 
terns,  we  assign  a  corona  W  =  W(P)(Q)...  to  which  \l,   may  be 
extended  in  such  a  way  as  to  be  totally  additive  and  satisfy 
condition  (*)  • 

The  relationship  between  integration  over  Hilbert  space  and 
integration  over  a  corona  will  be  investigated. 

82-   Basic  Extensions. 

We  first  consider  the  case  of  constructing  the  corona  of 
fx  compatible  with  a  single  complete  basic  system  (P)  =  JP0"!, 
We  shall  refer  to  this  as  a  basic  corona  or  (P) -corona. 

Definition  of  a  "weak  element".  A  weak  element  X  relative  to 

— — — — »—  i  ■  m  w.^^— »w m*^ ■— pm  i  i  i ■    >      — — mmm <fc^  w^  i  -  i     i —     ■     ■■  i  -    ^.».  ■  ■    ■   ■  ■■■ 

(P)  is  given  by  a  sequence  vCt    °f  elements  of  /v  such  that 

(2.1)  P^x*  =  x^  ,         for  all  a,r-  with  cr  <  Z. 

Prom  the  above  definition  it  follows  that  each  x^  is   in 
the  subspace  P^  =  P  JfL  and,   setting 

PrX  =  tC  , 

we  may  associate  with  a  weak  element  X  a  sequence  (x,  ,Xp,...) 
such  that 
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**X  -  x* .-  g  xlPl 

(where  /pniPp*-*^  *s  tne  ^ixed  basis  associated  with  (P)). 
Also,  in  this  way  any  sequence  (x^jXp,.**)  determines  a  unique 
weak  element.  Clearly,  for  every  P  e  (?)   and  every  weak  element 
X,  PX  e  A, 

W(P)  Is  the  set  of  all  weak  elements  relative  to  (P). 
Thus  W(P)  5  R,  and  we  see  that  we  may  view  W(P)  as  the  unrestrict- 
ed sequence  space  and /x  as  the  £p  subspace  wherein  /x.,  ,Xp, . .  .j 
are  the  coordinates  relative  to  the  basis  lPi»  P?  *  *  *  0  °  - 

Definitions  A  cylinder  in  W(F)  is  a  set  whose  characteristic 

t^^in    l  "^  i —1.1 i  TnliiiB  ii    win   ■!■     i  n  —  * 

function  XCX)  satisfies  K?X)   =  tf(X)  for  some  P  in  (P)  and  for 
all  X  lh'.W(F). 

For  any  such  cylinder  C/p\  ~  cy(p)  in  W  =  W(P)  we  define 
the  measure 

^(pjpp))  =  **w(p)(c(p))  =  ^a(pcw(p)) 

where  the  P  operating  on  Cu(p\  *n  the  argument  on  the  far  right 
is  that  P  In  (P)  such  that  t(PX)  =  X(X).  Hence,  for  the  "pro- 
jection"*, CL  -  C/p.  H  fl*  of  C.pj  Into  f\,  we  have 

Since,  via  Kolmogorov's  theorem  (p.  11,  Foundations  of  the  Theory 
of  Probability),  these  given  measures  over  the  cylinders  C,p* 
can  be  extended  to  a  countably  additive  measure  we  see  that  W(P) 
is  indeed  the  desired  basic  corona* 

83.  Transfer  mappings. 

—  ■    -11--  ii   —  ,- -    H    I  '    i 

The  decisive  step  in  our  ultimate  argument  will  be  the 
construction  of  a  corona  of  j\  compatible  with  two  given  complete 
basic  systems  (P)  and  (Q).   Ihis  construction  will,  essentially, 
reduct  to  showing  that  there  exists  a  "transference  mapping" 
between  W(P)  and  W(Q)  which  leaves  A  fixed.  In  this  section  we 
set  up  the  machinery  necessary  for  treating  this  transference. 
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Definitions  Let  (P)  be  a  given  complete  basic  system,  W(p)  the 
corresponding  basic  corona,  X  e  W(P),  Q  any  finite  dimensional 
projection  of  ft  and  f <?  I  a  given  subsequence  of  the  Integers. 
We  say  that  WQ  is  applicable  to  X  relative  to  (o*vV'  if  and  only 
if 

lira  QP   X 
v-»co 

exists,  in  which  case  we  write  QX  for  this  limit  and  write 

QP  v  X  ->  QX  . 

Lemma  3.«1*  Given  a  complete  basic  system  (P),  a  projection  Q, 
and  any  sequence  (cr  },  let  Sq  denote  the  set  of  all  X  c  W(P) 
such  that  Q  is  applicable  to  X  relative  to  (<Tyl;  then  the  diffe- 
rence, W(P)  -  Sq,  has  w(p)-measure  zero  so  that 

Proof:   It  clearly  suffices  to  prove  the  lemma  in. the  case  where 
(a   1  is  the  sequence  of  all  integers.  Let  /p^Pp****}  be  the 

ort ho normal  basis  of  ft  corresponding  to  (P);  and  /q-i,e..,q  \  an 

i  *      J*  J, 
orthonormal  basis  for  the  range  of  Q.  Then 

QP  X  =  g  (p  X.qi  qiJ=  g  q,  g  Xjh^ 

where  h4  ,  =  (q4,p4).  Thus  the  existence  of  lim  QP  X  is  equi- 

XJ       x       J  (T— >0O 

valent   to   the  convergence,   for  each  i  =  l,...,n,   of  the   infinite 
series 


xjhij  • 


CO 

To  prove  the  lemma  one  need  only  establish  that  each  of  these 
series  converges  for  a  set  of  ji/pj-measure  1.   However,  this  is 
provided  by  the  Three  Series  Theorem  (for  which  soe  page  199  of 
Halmos,  Measure  Aheory)  since  T~  h,  ,  =  1. 
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Definition:     (liven  a  sequence    [$v\»   and  two  complete  basic  sys- 
tems  (P)   and   (Q).      Let  X  e  W(P)   be  such  that,   for  all  X,   Qc   is 
applicable   to  X  relative   to   fo~  i  .     Then  we  say  that  "X  is   trans- 
ferable  to  W(Q)11  relative  to   C<?v]. 

Lemma  3*2:      If  X  e  W(P)    is   transferable   to  W(Q)  relative   to  ;o~vlU 

^    •  I    vj 

then  the   sequence   \Q  XJ   determines   an   element  of  W(Q).      (VJe   shall 
call  the  element  Y  =  QX  the   "transfer  of  X  to  W(Q)   relative   to 

Proof:     We  need  only  observe  that,   for   7  >  Z  9 


as 


9  I 

Q     QX  =  Qc  X 

Q     Q  X  =  Q       lim     Q  P  v  X 

v->oo 

=    lim   ar 


v->oo 

=     lim 

V=->00 


\Q  P  v 


V 


At  this  point  we  note   that  every  X  e  W(p)  which  is        is 
transferable  to  W(Q)   and  the  transfer  of  X  to  V/(Q)   is  X  itself 
(<5iven,  now,   in  the   (Q)   coordinate  system}* 

Lemma  3*3:     Let  1  =  7(P)(Q)   be  the  set  of  elements   of  W(P)  which 
are  transferable   to  W(Q)   relative  to  some   (any)  given  sequence 
|crv} ;   then 

|*(P)<7)  ■  1  . 

Proof;   The  set  3   is  evidently  the  intersection  of  all  the  sets 
S  _  defined  as  in  Lemma  3*1.  Since  the  measure  is  totally  addi- 

tive  in  W(P)  the  statement  of  Lemma  3»3  follows  from  Lemma  3.1» 

Remark:  The  statement  of  Lemma  3-3  applies,  in  particular,  to 
transfer  with  respect  to  the  sequence  of  all  integers. 

Definition:   If  X  e  W(P)  is  transferable  to  W(Q)  relative  to 
icrv\#  and  Y  is  its  transfer  we  write 
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x  /~»  y 

and  call  this  mapping  the  "transfer  relative  to  (O11  from  W(P) 
to  W(Q).  j 

In  terms  of  the  above  notion,  Lemma  3«3  asserts  that  the 
transfer  of  V/( P)  to  W(Q)  relative  to  icry^  is  defined  almost 
everywhere  on  W(P),  (that  is,  almost  all  of  W(P)  is  transferred). 
Note  again  that  any  "transfer"  leaves  each  element  of  ft  fixed. 

§U«   Symmetric  transfer. 

A  natural  question  which  arises  concerning  transfers  is 
whether  or  not  they  are  1-1,  possibly  apart  from  sets  of  measure 
0.  This  is,  in  fact,  true  for  transfer  not  only  relative  to 
some  sequence  (o*vj  but  even  relative  to  the  particular  sequence 
consisting  of  all  integers.  As  a  first  step  in  the  proof  of 
this  we  shall  prove  in  this  section  that  there  exists  a  subse- 
quence fo~v]  (depending  on  the  (P)  and  (Q)  involved)  relative  to 
which  this  is  true. 

Theorem  h.ls   Given  any  two  complete  basic  systems,  (P)  and  (Q), 
there  exists  a  subsequence  <o\    of  the  integers  such  that,  wri- 
ting J(?)   for  the  set  of  all  X  e  V(P)  for  which  there  exists  a 
Y  e  W(Q)  such  that 

X  /->-*  Y   and   Y  r-^   X 

IS  N 

and  writing  (Q)  for  the  set  of  all  Y  e  W(Q)  for  which  there 
exists  an  X  €  W(P)  such  that 

Y  ^    X   and   X  r^   Y  ,  ^ 


one  has 


*HP)U(P>)  *  nU)U(Q))  =  1 
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In  other  words,   given  any  two  complete  basic   systems,    (P) 
and   (Q),    there   exists  a  subsequence    lcr '\  of  the    integers   re la- 
tivo   to  which  the   transfer  from  W(p)    to  W(Q)    is   possible   and  is 
the   inverse  of  that  from  W(Q)   to  W(P),    apart  from  sets   of  mea- 
sure 0.     Thus,   apart  from  sets  of  measure  0,    these   transfers   are 
1-1,     Note   also  that,   since  the  elements  of  >\  are   transferred 
into  themselves  here,    as    in  our  future  discussions,    all  the   sets 
of  measure   0  which  we   exclude  contain  only  weak  elements 
outside  J[. . 

Proof  of  Theorem:      Let   iq.  I   be  the   basis  corresponding  to   (Q) 
and    ft?.}    the   basis   corresponding  to   (?)*      It  suffices   to  prove 
that,    for  every   fixed   integer  X  >  1,   we  can  extract   from  any 
given  sequence  a  subsequence    fY   \  such  that 

^pJxeW(P):      lim       lim     PXQ  v  P°X  =  PXX  \  =  1   . 
ir'J  v-^co     -^co  J 

We  have,    for  every  Z  and  0, 

QVx  =  TZ  (P(rX,qi)qi 

x.h, 


where,  as  before,  h .  .  =  (<h*P*)  so  that,  for  each  X 


.21 


p*t=rxl 


U  hikhij] 


For  a  set  of  X  with  V>t-p\ -measure   1,    according  to  Lemma  3»1»   the 
expression 

XZ  Vlr  (2— .  xi     I—  h 
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exists  for  each  T  and  X.  Thus,  it  suffices  to  show  that,  for 
each  fixed  k,  we  can  find,  out  of  any  given  sequence,  a  subse- 
quence lty\$   such  that 


f^  hikhijJ  =  xk 


(U.l)         lim  T~  x, 

v->co  j=l   J 

occurs  with  ji/p \ -measure  1.   For,  in  a  well-known  manner,  we  can 
then  find  a  common  subsequence  for  which  the  relation  (i|..l) 
holds  for  all  k. 

For  fixed  k,  we  write 

*iM  =  J^i  hikhi  j 

so  that  (U.l)  may  be  restated  as 

(U.2)  lim  HI  x<gl(tv)  =  0 

v-*co  j=l   J  J 

By  applying  the  unitary  transformation  U  =  (h*,)  to  the 
vector  (0,.. .,0,h  +,  k'***^  an(^  noting  that  this  is  an  lsoraetry, 

we  obtain 


.2L  o  -P2 


n  gjw)  =  ,r:  ■& « »  . 


Thus  it  is  clear  that  the  distribution  function  of  the  random 

oo 
variable,  ?(X)  =  T~      x.g.(^),  Is  a  normal  distribution  with  mean 

J=l  *   J 
oo   p 
0  and  variance  >   g<(£)« 

J=l  J 
Applying  Chebyshov's  inequality  (for  which  see  page  200  of 

Halmos,  Measure  Theory)  we  observe  that  the  inequality 


Ht) 


_<o 
X: 


j=i    J  J 


>ei<e"2    JZ    h* 

i=c+l       1K 


holds   for  any   e   >  0  and   that   the   ri  ,ht   side   of  tho   inequality 
tends   to  0  as   X  — ^  oo  •     Therefore,    according  to  a  well  known 
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theorem  of  probability  theory  (apaln  see  Halmos ,  Measure  Theory) 
we  can  extract  from  any  sequence  a  subsequence  (r\  such  that 
(U.2)  holds  with  uwpv-measure  1. 

The  above,  together  with  suitable  diagonalisation  argu- 
ments (see  above)  in  connection  with  choices  of  subsequences, 
then  leads  to  the  desired  result. 

85 •   Symmetric  transfer  is  measure  preserving . 

We  next  wish  to  show  that  if  the  sequence  (ovl  is  chosen 
as  provided  by  Theorem  l+.l,  the  1-1  map  of  the  corresponding 
transfers  (apart  from  sets  of  measure  0)  between  W(P)  and  V/(Q) 
is  measure  preserving.   For  this  purpose  it  suffices  to  prove 

Theorem  5>.l;   For  any  ji/pv-Borel-measurable  cylinder  C/pi  =  Cw/p% 
of  W(P)  its  image  C/qv  under  this  transfer  is  a  ^ygv-Borel- 
measurable  set  and 

(5.1)  *l(P)(C(P))  =  *t(Q.)(C(Q))  V 

The  reason  is  that,  from  this  last  assertion  together  with  the 
svmmetry  of  the  transfer,  one  can  easily  deduce  that  the  exte- 
rior measure  H/p\  of  any  subset  of  W(P)  equals  the  exterior  mea- 
sure |A/q)  of  its  transfer  to  W(Q.)e   The  same  statement  then 
follows  immediately  for  the  inner  measures  and  the  transfer  is 
measure  preservings 

To  prove  the  ji/^v-measurability  of  the  image  of  C/pv  it 
clearly  suffices  to  consider  only  cylinders  C/p\  defined  by  ine- 
qualities of  the  form 

a^  <  x^  <  pk  ,   k  =  l,...,n    (n  fixed)  . 

The   image  C/q\    is  characterized  by  the  fact  that   (apart  from 
sets  of  measure  0)   the   re-transfers   of  its   elements    to  W(P) 

exist  and  lie   in  C / p %  •      If  Y  =   (y^y?****)    e  clQ)    -3  sucn  an 
element,    its  transfer  back  to  W(P),    (relative   to   i^^],   of  course) 
has  components 
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(5.2)  11m  TZ  yihik  ;     k  =  l,...,n  . 

v— >co  1=1 

Thus,  apart  from  sets  of  measure  0,  C/q*  is  determined  by 
the  conditions 

°v 

(5.3)  %  <     lira    JZ  y*hiv  <  Pir  »       k  =  l,...,n   . 

K       v->co    i=l     x   1K         K 

That  C/QV  .is   ji/Qx-Borel -measurable   then  follows   immediately 
from  the  fact  that 


(  * 


CO       /         ,     V 


(54)  C(Q)  -jJJ  L^iY:  ^i^gyi^f^-il  k=l,.„,nj 
where  the  set,  of  H/q\ -measure  0S   elements  Y  for  which  any  of 


^v 


the  lim 


>   y«n4i,  do  not  exist  is  ignored.   We  shall  systema- 
v->co  1^1  x   1K 
tically  ignore  such  sets  of  measure  0,  since  any  errors  commited 

on  their  behalf  does  not  disturb  the  validity  of  our  proofs. 

The  proof  of  (5«1)  will  now  proceed  with  the  aid  of  two 

lemmas . 


Lemma  5.1 •     Let 


\aAcvlai'h"'"aa^a] 


be  the  set 

o 


\ 


then 


(  v  N. 

-■j*«  °k<|Zy1hlk  <  Pk  ;      k  =  1 n     ; 


(5.5)  u^  ^(q)(Aav>  =  n(P)<cp) 


Proof;     Let  7f       =  A^   0  £  =  \x  e  fi:     P  Q  v  X  e  U 
^v         %  1  { 

and  let 

'C(P)  =  C(pj  A  £  =  j x  e  k:  P°X  e  il 
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whore  I   Is   the  quasi -Interval  in  P     =   PR    such  that   the  coordi- 
nates    (relative   to  the  fixed  basis   of  P     implied  here)    are    in 
the   intervals    ( a,  ,  p    ) ,   k  =   l,...,n. 

Thus,   if  g(x)    is   the  characteristic  function  of  C/p\»    it   is   a 
cylinder  function  over  k,    such  that 

g(P*x)   =  g(x) 
Hence, 


(q°"v  x)  =  g(?nQ^V  x) 


g 

is   the  characteristic  function  of  kc  , 

v 
Using  the  fact  that  cylinder  functions  which  are   "Integra- 

blen-  (and  g(x)    is  integrable)    are    invariant,   we  get,   by  Theorem  A, 
H(P)(C(p))   =  l»K(C(p))   =   J  o   g(x)   <Hy 

'    *  P 


=     lira    \  g(x)  dp, 

^JQffy  Qv 

=     lira     MA^  )   =  lim     ^/0\(A<j  ) 

v«s»co  V  V— >C0  '         V 


Lemma  ?.2:     Let 


«v 


%  £    lln>    ZZ  yiu  5  K  »       k  =  l,...,n  ; 

and  at  least  one   of  the   equality  signs  holds 

then 

H(Q)(E)   =  0   . 

Proof:   It  suffices  to  prove  that  the  set, 


9 
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*v 


11m    2_  y<Ni  =  c  ' 


Ei  -  <Tl 


%  <     lira    2L-  y1hik  <  Pk  ;     k=2,...,n 
v— >co    1=1 

has  ii/q* -measure  0.     For  any  e  >  0,  take   a^  =  c-e,   p^  =  c+e; 
^k  =  Sc"6'  ^k  ~   ^k+e'   k=2»'««#n«     Then,    setting 
^<r   =  A<r  '\»VM,,Vn'»  we  see  that 

/v, 

E-,  c     lim     A_ 

■       ■  CJ 

V— >00  V 

and,  hence, 

Applying  Lemma  5 «1*    this   in  turn  yields 

where  C/px  =  |y:     o^  <  x^  <  Pk;     k  =  l,...fnl.     Finally,  since 
Pj-cL   =  2e,  we  note   that     lim  ^(p)(c(p\)   =  °*   Bn^i  hence 

(i/Q%iE.)  =  0,     Thus,   Lemma  5»2  is  proved. 

We  may  now  obtain  (5.1)    rather  simply.     From 

it  follows   that 

(5.6)  »»<Q)<C«»}  =  »(*)(*&    A^J   . 

Also 

so  that,   using  Lemma  5»2, 
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Prom  (5*6),    (5>.7S  and  Lemma  ?«1  we  conclude  that 

Thus  Theorem  5*1  is  proved. 

86.   Natural  transfer* 

As  was  mentioned  in  §Lj.,  transfer  relative  to  the  sequence 
of  all  integers  is  symmetric;  that  is.  the  use  of  the  subsequence 
fffyl.  may  be  eliminated.   This  may  now  be  achieved  rather  easily 
on  the  basis  of  the  result  of  §5«   This  transfer  relative  to  all 
integers  will  be  referred  to  as  "natural  transfer".   We  shall 
denote  natural  transfer  by  X  -^  Y  • 

Denote  by  S?  the  set  of  those  X  e  W(P)  which  are  transfe- 
rable to  W(£)  relative  to  the  sequence  ftrLl  (used  for  symmetric 
transfer);  and  by  S  the  set  of  X  e  W(F)  transferable  to  'W(Q) 
relative  to  the  sequence  of  all  integers.   Clearly  Sf  ^  S,  and 
hence,  from  the  remark  made  following  Lemma  3»3»  we  infer  that 

H(p)(S')  =  n(p)(S)  =1 
or 

p,/pv{S'-S)  =  c  . 

Let   Sf-S  denote   the    transfer   to  V.'(Q),    relative   to    5^"vi#    of 
(S'-S).      Since   this   transfer  preserves  measure,   we   obtain 

Ws^s) =  °  • 

Thus  we  see  that  the  extra  Images  provided  by  transferring  rela- 
tive to  the  sequence  lc  \   (instead  of  all  integers)  have  H/q\- 
measure  0,  end  similarly  for  transfer  from  W(Q)  to  W(P).   From 
this  we  conclude  that  symmetric  transfer  may  be  mad s  relative  to 
all  integers  with  measure  1. 
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Theorem  6.1s  Given  any  two  complete  basic  systems,  (P)  and  (Q), 

if 

,v     (  there  exists  a  Y  e  W(Q)  such  thaO 

jf(P)  =;XeW(P):  \ 

X^Y  and  Y  ^X  \ 


and 


£(Q) 


(  there   exists   an  X  e  W(p)   such  that/ 

=  }ifeW(Q): 

|        Y  ^  X  and  X  .^  Y 


v 

then 

y(p)U(P))  =  |i(Qj(l(4).)  =  1  • 


§7«   Preservation  of  Weak  Convergence  under  Natural  Transfer. 

Definition:  If  \X  .  j  is  a  sequence  of  points  of  W(P),  then  we 
say  that  X  -*  X  e  V:(P)  weakly  (weak  convergence)  if  and  only 
if,  for  every  k,  pkx*n*  ->  PkX  in  the  Hilbert  space  norm. 

If  \X  n'J  is  a  sequence  of  elements  of  W(P)  such  that 
X  '  — >  X  weakly^  and  such  that  under  natural  transfer 

(a)  X(n)  ~*  Y(n)  e  W(Q) 
and 

(b)  X  ^  Y  e  W(Q)  , 

it  is  natural  to  ask  whether  or  not  the  sequence  «,Y*n'>  converges 
weakly  in  W(Q),  and,  if  it  does,  whether  or  not  the  limit  is  Y. 
We  shall  show  that  in  "a  certain  sense"  these  questions  may  be 
answered  in  the  affirmative,  and  that  these  properties  charac- 
terize the  natural  transfer. 

Theorem  7.1s  Given  any  e  >  0,  there  exists  an  "outside"  set, 
Se  of  elements  of  W(P),  with  H/p\(Se)  <  e,  such  that,  if 

(7.1)  X<n)  ~>  X  weakly,  [x(.n),  X  e  W(P)]   , 


;<*>  ^ 


Y(n),   fr(n)  £  W(Q)]   , 


xir-15 


and 
then 


(7.3)  Y 


(n) 
(n) 


(7.2)  X<n>,  .X  /S€  , 


Y  weakly. 


We  shall  say  simply  that  natural  transfers  preserve  iveak 
convergence  outside  of  S  , 

Proof:  We  exclude  to  begin  with  the  set  of  ^tr,\ -measure  0  on 
which  the  natural  transfer  between  W(?)   and  W(Q)  Is  not  symme- 
tric. Assuming  (?•!)  and  (7*2),  we  recall  first  that 


Qky(n)  = 


CO 


and 


$Y  ■ 


^1    I  j=l 

k  r  OD 


q, 


=i 


j=i 


xjhij 


so  that  to  derive  (7*3)  it  suffices. to  show  that,  for  each 
fixed  k, 


(n)     °°   (n\ 

c.   =  >  x\   'h,,  converges,  as  n 


CD 


«> .  to  ck  =  ^_  XjhkJ 


CD    t      \ 

Since  I  K\     "k1  converSes  with  ^./pv -measure  1,  given 
any  e  >•  0  and  6  >  0  there  exists  an  Integer  M  and  a  set 
S  =  Sc  6  k«  with  ^(p)(S)  <  e/2(lc+*"6,  such  that,  for  all 

x(n)  /si 


(7.1*) 


N 


xj  hkj  "  ck 


(n) 


(n) 


<  6   for  all  N  >  M  • 


Fixing  the  N,  since  Xwx/  -^  X  weakly,  It  follows  that,  for  all 
N  >  M  and  all  n  >  n*  =  nf(N), 

N 


(l.k) 


is 


<  26  . 


XII-16 


Since  we  have  assumed  X  ^Y,   c^  =  2Z  x|nkj  converges, 


and 
hence  there  exists   an  N*    >  M  such  that 


(7.5) 

Then  (7 *h)   and  (7.5)  yield 

.<*>  -  c 

k     ck 


FT  xjhkj  *  ck 


<  6  . 


(7.6)         |c£n)  -  cj  <  36   for  all  n  >  n'U')  . 


1  1 
Thus  if  we  choose  successively,  6  =  1,  -x,   -^,  ...  and  exclude  the 

t  Y\  V  ?  P  P 

X1        successively  from  sets  of  measuro  <  — Trrrf     g+g*   ~k+3»    ••" 

2     2     2 

we  exclude  in  all  a  set  of  measure  <  c/2  ,  and  from  (7.6)  we 
get  that  c^'  — >  c.  .   Since  we  must  do  this  for  each  k  we  ex- 
clude altogether  a  set  of  measure  <  ^TV  e/2  =  e.  A  simple 
argument  shows,  alsoe  that  no  elements  of  A  need  be  excluded. 

Theorem  7.2;   Apart  from  sets  of  measure  0,  the  natural  transfer- 
is  the  only  mapping  of  W(P)  into  W(Q)  defined  in  W(P)  except  for 
an  outside  set  of  l*/p\ -measure  0,  which  leaves  Ji   fixed,  and 
preserves  weak  convergence  in  the  sense  described  in  Theorem  7.1. 

Proof:  Given  an  X'e  W(P)  which  is  transferred  to  W(Q)  under  the 
given  mapping*  we  have 

X(n>  =  PU)X  -^  X   weakly  . 

If  Y  C  W(Q)    is   the   image  of  X  under  the   transfer,    and  Y*n^    is 
the    image   of  X*n),    then,    since  £   Is   left   fixed,    and  X(n*    €   h.$ 

/_\         m  co  mn 

(n) 
Then  by  assumption  Y*   -*  Y  weakly  and  we  see  that  the  compo- 

co 

nents  of  Y  are  T"   x,h4,f  which  is  precisely  what  thev  would  be 


>_„  ,  x.h^,,  which  is  precisely  what  they  would 
under  natural  transfer. 
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BS.     Transitivity  of  Natural  Transfer. 


Suppose  that  we  have  three  complete  basic  systems  (P), 
(Q)  and  (R).  Then  a  natural  transfer  will  allow  us  to  pass 
from  W(P)  to  W(Q)  and  from  W(Q)  to  W(R)j  or 

(8.1)     x  '^Y  ^  z  ,  x  e  w(p)  ,  y  e  w(Q)  ,  z  e  w(R)  . 

This  determines  a  map  X  r&  Z  from  W(P)  to  W(R).   That  this  map 
is  the  natural  transfer  from  W(P)  to  W(R)  follows,  since,  clear- 
ly, the  map  is  1-1  apart  from  outside  sets  of  measure  zero, 
leaves  f\  fixed,  and  preserves  weak  convergence  in  the  sense  of 
Theorem  7.1. 

§9«  Construction  of  the  corona. 

We  are  now  in  a  position  to  construct  the  extension  of  the 
Hilbert  space  f^  which  we  have  called  a  corona,  compatible  with 
a  given  sequence  of  complete  basic  systems  -TC F )  1. •   From  previous 
results  we  infer  that,  after  discarding  a  countable  number  of 
outside  sets  of  measure  0  in  each  local  corona  w(p)jr>  the  natu- 
ral transfers  between  the  W(P)N  determine  a  symmetric  and  tran~ 
sitlve  relation  between  their  elements.   Thus  we  are  led  to 
form  classes 

X  =  |x*v'eW(P)v;   the  X*v*  transfer  into  one  another). 

These  clearly  form  a  linear  space  W  containing  S\   (each  element 
of  K.  may  be  identified  with  such  a  class  since  natural  transfers 
leave  A.  fixed)  • 

Define  a  cylinder  Cw  of  W  to  be  a  set  of  elements  of  W 
such  that,  for  some  v^  their  (P)v  representatives  form  a  cylin- 
der (except,  possibly,  for  a  set  of  V>tT>\    -measure  0)  in  W(P)  . 
Then,  assigning  the  measures 

•H^w*  ■  i*(p>  <c<p)  > 
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to  cylinders,  we  see  that  these   generate  a   countably   additive 
measure  over  W  are  required   for  the  corona.     We  shall  write 
symbolically 

w  =  Hw(p)v  . 

V 

Let  us  review,  briefly,  what  has  been  done  so  far.  We 
have  shown  tha,,  given  a  Hilbert  space  ft  with  a  unitarily  inva- 
riant measure  u.  defined  on  it  and  a  denumerable  set  of  basic  sys- 
tems ')(P)V$  there  is  a  linear  space  \*r   and  a  measure  ^  defined 
on  it  such  that 

1)  \i„   is  totally  additive, 

2)  ft  c  W, 

3)  Every  projection  Q  in  each  of  the  basic   systems   (P)v 
can  be  extended   to  a  projection  0,  defined  on  W  with  a  finite 

dimensional   range  QW  =  Qfyc  fv, 

« 

lj.)  There  is  a  topology  on  W  such  that  each  such  Q  is 
continuous  and  which  reduces,  on  fi,    to  the  regular  Hilbert  space 
topology; 

5)  For  every  Q  as  above  and  every  measurable  set  C  c   Qfc 

H^XeW;  QXeCj  =  »  fxejv  QxeCj   , 
and 

6)  If,  for  any  v  and  v',  Jp.|  is  the  basis  of  fi.  corres- 
ponding to  (P)y,  /pM  that  corresponding  to  (P)yi,  and  U  Is  a 
linear  transformation  such  that  Up.  =  p£,  then  U  may  be  extended 
linearly  to  a  transformation  U  defined  on  W  and,  except  for  a 
set  of  uw-maasure  0,  U  will  be  continuous  in  the  topology  of  k) 
and,  for  any  measurable  set  S   W, 


^(S)  =  |iy  {x  e  V:  UX  e  s)      , 


Since  the  change  described  in  6)  from  one  basic  sy  iom  to  ano- 
ther is  Just  a  unitary  transformation  the  situatic.i  may  be  equi 
valently  described  as  follows.   Given  a  Hilbert  space  R  with  a 
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unitarily  Invariant  measure  ^„  and  a  denumerable  group  of  uni- 
tary transformations,  there  exists  an  extension  W  of  H  with  a 
totally  additive  measure  [l.   which  is  invariant  under  the  linear 
extension  to  V  of  the  group  of  transformations  and 9   further, 
these  extended  transformations  are  continuous  in  the  topolocry 
induced  on  W  by  projection  into  f\. 

§10.   ExtensK-.i  of  Integration  over  Hilbert  space  to  Integration 
over  the  Corona* 

We  next  wish  to  consider  the  question  of  replacing  the  in- 
tegration of  a  function  over  the  filbert  space   by  the  integra- 
tion over  a  corona  of  a  suitable  extension  of  the  function  to 
the  corona.   For  convenience  we  shall  restrict  our  attention  to 
v«3*>  Jf,  theory. 

We  first  consider  the  question  with  respect  to  a  single 
basic  system. 

Theorem  10.1;  Given  a  complete  basic  system  (P)  and  a  function 
f(x)  over  ft  such  that  f  e  X\      ,  then  there  exists  a  function, 
?(X)  =  f(X|(P)),  defined  over  the  basic  corona  W(P)  such  that 

(1)  fCP^xKP))  =  f(P°x)   for  all  x  t   K,  and  all  c  , 

(2)  f(X)  is  integrable  over  W(P)  with  respect  to  H/p\* 

(3)  ftP^X)  converges  in  the  £ 1   norm  to  f(X|(P))9 

<U)  ^  f(x)d,(U=jw(p)f(x)dll(p). 

Proof:   For  any  X  and  &9   let 

ftp^X)  =  f(P°X)  . 
Then 

f     tf(?*X)-?(?CX)\dv.{?)   =  [   |f(P°x)-f(Prx)Id^  . 

The   right  side  approaches   0  as  <t  and  %  approach  co    since 

t  C  Zy      |    so   that   the   left  side  does   also.     However,    since  H/p\ 


and 
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is   a   totally   additive  measure   over  V'(F),    there   exists   a  SUbSe- 


XN 


G 


V 


quence  f(P       X)   which  converges   almost   everywhere   to  a  function 


/v 


f(X)  integrable  over  W(P).  Clearly  this  definition  is  consis- 
tent  with  that  already  given  at  the  points  P^X. 
It  then  follows  that 

I'm  1      |f(X)  -  f(P%X)Id|iiP)  =  0 
fc~;-co  JW(P)  Kri 

so  that     <•     /v  /\    t 

iW(P)  tWd»i?)  -  rlil   f(PX)d^(P) 


=   lim      f(P'x)dtl  ;; 

t-^co  'H        P" 


I 


f(x)du-.,  • 

Remark :  We  see  from  this  that  the  function  ?(X)  =  ?(x|(P))  is 
uniquely  determined  almost  everywhere  by  conditions  l)p  2)  and 

3).  •:•;■•' 

In  the  general  case  we  have 

Theorem  10.2;      Let   (P)      be  a  sequence  of  complete  basic   systems 

and   let  W  =  f)  W(P) v  be   the  corresponding  corona  compatible  with 

v 
these.      Let  f(x)   be   a  function  over  £.  which  is   invariant.     For 

X  e  W  define  P^X  =  P^X(v*   where  X{  v*    is   the   component  of  X  in 

W(P)y..     Then 

(1)  f(P*J)  =  f(F*X(v))#   for  all   v.cf. 

(2)  f(lc)  is  integrable  over  W  with  respect  to  \l.* 

(3)  For  each  v,  the  sequence  f(Py(X)  converges  to  »£.  norm 
to  f(X),  and 

(k)      I   f(x)diif  =  f   f(X)duw  . 

Proof:  The  previous  theorem  provides  functions   \X*V'|(P)V) 
defined  in  W(P)   such  that 


v 
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L  f(xH =  L(p)  ?(x(v)'(p>v^(P)v  • 


(p>v 

(v)     (z) 

The  theorem  then  follows  if  wo  can  show  that  if  X*   «A^  X 

under  natural  transfer  then 

f(X(v)|(P)v)  =  f(x(r,|(p)r) 

almost   everywhere  with  respect   to  V^t^\      (or  ^(p\    )•     Then,    since 


Urn    f  |f(X(v)|(P)v)    -  ftP5c(v))|d|i(p)     =  0   | 


cr«->oo  JW(P) 


v 


lim    {  |f(X(t)|(P)T)    -  f(pPx(Z)|dii(p)     =   0 

p— >co      WvP)  % 


and  from  the  invarianoe  of  f  together  with  the  fact  that  X 

( v) 

and  X   '  are  natural  transfers  of  one  another,  we  get  that 

V  =  w(p)vfl  W(P),C  , 

lim       I         IfCPfx)    -  ftpfkjld^,   =  0    . 
<J,p->co   JW«  l  x  y 

Combining  the  above  yields 


f 


|f(X(v)|(P).  )  -  f(X(t,|(P)r|dnwl  = 


and  the  desired  result  follows. 

We  have  thus  proved  that  for  any  extension  W  in  the  sense 
of  89  and  any  function  f  integrable  over  j\  there  Is  an  extension 
f  of  f  (uniquely  determined  almost  everywhere  by  conditions  1), 
2) ,  and  3)  of  Theorem  10.2)  which  is  integrable  over  W  with 


w 


lk    *  «"*  • 
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Chapter  XIII 
The  Into  grab! llty  of  Polynomials 

In  this  chapter  we  shall  prove,  under  suitable  conditions 
on  the  coefficient  functions,  that,  for  each  basic  system  (P) 
and  for  v.   =  2,  a  "polynomial"  or  "product  of  polynomials"  is 
integrable  in  'che   sense  of  Chapter  V  and  that  this  integral  is 
independent  of  (P)  and  that,  further,  it  is  invariant  in  the 
sense  of  V-6  rslative  to  any  system  (??. 

We  recall  from  Chapter  VII  that  we  may  treat  polynomials 
in  Si   in  terms  of  monomials  of  degree  m.   If  we  represent  ?ias 
£   (J),    the  Hilbert  space  of  square-integrable  functions  over  the 
space  A t    then  these  will  be  of  the  form 

(13.1)     f[x]  =  [•••)  <Ksi»  •  •  9»s2m^sl^ea  9X^sm'dsl0 '  *dsm 


where 


x  =  x(<)  tX2U) 


represents  an  arbitrary  element  of  -VL 

Va  wish  to  prove  first  the  integrability  of  f  under  appro- 
priate conditions  on  <J»  T're  note  that  $   may  be  symmetrized  in 
all  its  variables  without  altering  f  and  hereafter  we  shall 
assume  this  has  been  done.   Further,  if  4  $£  (A    )9    the  space  of 
square-integrable  functions  of  m  variables  each  in  i,  the  inte° 
gral  in  (13.1)  will  exist  for  all  x  e  J?U)   and  f  is- defined  on 
all  of  fl  and  is  independent  of  the  particular  representation. 

For  odd  m  it  is  clear  from  symmetry  considerations  that 
J(f)  =  0.  We  recall  also  [see  VII-8]  that  for  m  =  2n,  formal 
manipulation  gives 


»  1  ■  am»a^^«i  in>  m  - » ■  — i — 


This  chapter  constitutes  part  of  a  thesis  to  be  submitted  to 
New  York  University  in  partial  fulfillment  of  the  requirements 
for  the  Ph,D9  degree. 
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(13.2) 


4(f)   =   [(2n)i/2nnl](Tr)n<|> 


where   (Tr)v<J  Is  defined  by 

[Tr  <Ks1,  ...,s2n)J  a  ^i(si»  •••»s2n  2*  =   I    ^si»  *  • "  »s2n-2,(5,^d:r 
(13.3)  « 

:Tr)v4  *  K{al>'->s2n-2\>)   =  Tr  4y-1      . 

^e  must  now  show  that  for  suitable  4  the  functional  f  is  inte- 
grable  and  the  integral,  defined  as 

(13.Iv)        Sit)   =  lim  J(f[Pk-])   , 

k-^co 

is  correctly  given  by  Cl3»2). 

On  finite  dimensional  spaces  (13.2)  holds,  as  may  be  veri- 
fied by  direct  computation,  the  integrals  in  (13«3)  reducing  to 

k 
finite  sums.   Specifically  we  note  that  if  the  range  of  F   is 

spanned  by  the  orthonormal  set  ip,(  •),•••#?•-(  •)}  we  may  write 

k        k 


(13.5) 


f[P*x)  = 


-  *       _i-   ,{k) 

tpl     i2n=l  il',,,'12n  il    *2n 


for  any  x  esl  where 


i  *.J1x(',pi 


(s)ds 


and 


(13*6) 


**£••-.  i2n  =  J"J    (J(sl'-»S2n)pi1(sl)-pi2n(s2n)d3l'Md32n 


In  this  notation  we  have 


(13.7)     5(f[Pk.])  = 


.CO       rtco 


-00     J-CO 


*  «         (k) 

ipl       i2n=l     1lf"",12n    h         ^n] 


i  n 


exp 
k 
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i(k) 
making  use  of  the  symmetry  of  q     '   in  its  indices,  which  follows 

from  that  of  <J. 

In  Chapter  VII  (pp.  3-6)  conditions  for  the  integrability 
°^  quadratic  polynomials  (n  =  1]  were  established.   These  condi- 
tions may  be  stated  in  terms  of  linear  operators  associated  with 
f.  ve  shall  similarly  associate  operators  with  polynomials  of 
higher  degree  -  though  in  this  case  the. operator  is  defined  over 
a  Hilbert  space  other  than  St  -  and  prove  a  similar  result. 

Ve  begin  with  some  definitions. 

Definition.     To  any  function  4  e  X   U    )   we   associate   linear 
operators  LJ£  from,?    (£^)   to  £  {&V),  where  \i  <  v  =  m-jx,   by 

(13.8)     Lpf1  =  Yv(tls...atv) 

J*  ""J  Is  •••»tv*sl'  —  ,sii^ x  ^si»  •••  »su^dsl"'dsii   * 

If  we  let  S^  =  |sp,.9Js  \   be  a  generic  point  of  ^ t   etc.,  we 
may  write  X^(s, , . , 8 ,s  )  =  X^S*1),  etc.,  and 

\ 

(13.8')  YV(TV)  =     4(Tv,S^)X|1(S>1)dSl1 

V 

*  • 

where  dS^  =  dsx . . „ds  and  (   =  f  •  •  •  J  • 


Definition.   To  any  element  x  =  x( • )  of  £^H)   we  associate  ele- 
.  ments  x£  of  £2{^)   for  each  u.  by 

(13-9)         X^S*1)  =  x(Si)x(s~)0..x(b  )   . 

That  x£  t£BU*)   for  x  z  X2U)   and  any  p  is  clear. 
We  now  note  that,  for  m  =  2n, 

(13.10).  fix]  «  (x;f  i^fy 

and  that 

(13.11)  (Tr)n<*  =  Tr  lJ 
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where   the  rig..t  hand  side  of  (13.10)    is  the   scalar  product  in 
Jf2(4n)   and    the  Tr  on  the    right   of   (13.11)    is    the   ordinary   trace 
of  a  linear  operator  over  X  (/i^)   provided   this   exists,      rio  con- 
fusion should  arise   from  this  dual  use  of  the  symbol   (Tr). 

Definition.      To  any  basis   (p..,...J    of  5}  =  t   {&)   we   associate   a 
basis    iPt"*  •  • «}    of  of    (£**)   by  indexing  appropriately   the   set 

p!J(S^)   =  pt   (s1)pi   (s2)...pi   (s^)  :  1^1,2,...,  i2=l,2,...,...,i^=l,2,...|. 

It   is   clear  that   this    is   a  complete   orthonormal  basis   of  *£  i^) 
if  \p,,  o .  .>    is  a  complete  orthonormal  basis  of  Si* 

Definition.      To  any  operator  L     on  Si  we  associate,    for  each  \i9 
an  operator  Lt    on  «?   (-4^)   by 

(13.12)     L/  =  t(lI«/  =  E«vW12",V  1 


is  clear  that  if  L  is  linear  on  ?i   then  L**  is  linear  on  *3l  (^). 
ve  note  that  if  x£,  XJ£  e  ^2(l^)   are  of  the  form 

(13.13)         X^CS^)  =  xj(s1)xf(s2)...x^(si4) 

then 

(13aU)        tt£,x£)  =  (x^,x^)(x^,x|)..,(x^,x^)   . 

Ve  see  that  if  P     is   an  orthogonal  projection  with  finite  dimen- 

k 

sional  range  so  is  P*  and  if  U  is  a  unitary  operator 
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(13.15)     UydSu^)  =  (U^  T  afV*.\  Z  PpPp 

r 

=  V  T"  a  p  «U  p*\u  p^) 


=  IIaA^uPi  •••*!  l»ltfr«  •••up1  1) 

T   p     c  p        xi         V  Jl  •> 

c    p    *  p     li      h  V     ^ 

-  z  z  \eP<«> 


'  -^r   a<TP(T  S 


so  U  is  a  unitary  operator. 

Definition*   To  each  operator  L|f  with  \l  <   n  we  associate  formally 
a  function  \j/J  of  (2n-2^)  variables  by  considering  L*f  as  a  linear 
mapping  of  t    ii^)   onto  Itself  with  v-ji  =  m-2p.  parameters  and 
letting  $  be  the  trace  of  this  mapping 0  Thus*  letting 
Tv  =  ^T^A^}  in  (13.8«')a  we  get 

(13.16)  L»fx»*  =  y^v^  -  f   4(S^,^Av^)X^(^)dS^ 

and 

(13.17)  ^(A^)  =  Tr  *,£  -  !   +(S",S'1,AV",1: 


'A11 


Recalling  the  expression  for  the  integral  of  a  square 
given  on  VII-8,  we  see  that  in  this  notation  it  becomes 


(13.18)     J/(f2)  =  X;1  cBf|l  [         U^(Am"^)]2  dAm"2jl 


M> 


where  the  C    are  positive  Integral-valued  universal  constants* 

The  formal  manipulation  used  to  derive  this  In  VII  is  easily 

Justified  in  finite  dimensional  spaces  -  which  is  all  we  require 
-  by  direct  computation. 
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^e  are  now  ready  to  prove  the 

Theorem  I.   Let  f ( • ]  be  a  functional  with  degree  m  =  2n  defined 

on  A  -  ZZU)   by  (13-1).  Let  L^  ^  be  defined  by  (13-16)  for 

almost  all  A  *  I   n"2^.  '»'e  assume  that,  for  each  value  of  n  and 
for  almost  all  A» 

(13.19)      L^^  =  A*(<j>,^,A)  -  A"(4,iA,A) 

where  A+  and  A"  are  positive  definite  operators  on^(i,^).   Ve 
further  assume  that  the  functions  \|n  „(A)  a^d  \Jm  „(A)»  defined, 
for  almost  all  A  e  t2n"2|i,  by 

♦  ± 

£13.20)  S,|i(A)  =  Tr  A  (4,u,A) 

are   in  i2U2n'2^) . 

Then  for  any  basic  system  of  projections   (?)   the   integral 
<?#pv(f)   exists   and   is    independent  of  the  choice   of  (P).      I.e., 
f  is  semi-invariant   in  the  sense  of  V-6. 

Proof.     ve  note   that  in  any  finite  dimensional  space   the   integral 
of  the  square   of  a  form  fP     over  n  of  degree  2n  is   given  by 


.(13.21)    J(f2[P°*-])   = 


n 


^= 


n,u. 


\ 


2n-2^t 


4(<r,^s^A2n~2ll)ds!1 


*/< 


2n-2\i 


and,  writing  X  for  (2n-2^)  for  simplicity, 
(13o22)  J(|f[PT']-f[PT.]|2)  ' 


n 


=B  *W 


V 


j  [4(T)(s^,s^,Ax)-4(cr,(s^,s^,Ax)jds 


-i2 


dAx  . 


VTe  note  that  for  n  =  1  (a  quadratic  polynomial)  these  terms 
reduce  to  those  considered  in  Chapter  VII,  pp.  lj.-7  and,  exactly 
as  was  noted  there  (see,  again,  von  Neumann,  Math.  Found,  of 
Quantum  Mech. ,  Ch.  11),  the  assumptions  made  on  <)>  imply,  for 
each  ii, 
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(13.23) 


lim 


[  (4(T)(s^,s,1,Ax)-4(<r,(s^,s^,Ax)]ds^ 


dAx  =o 


as  the  integral -dS*4  goes  to  zero  for  almost  all  /\  and  the 

Si 

integrand  of  the  integral -d A  is  bounded  for  large  0,1   by  the 
integrable  function  2[^i   (A)-^I  U(A)]  and  hence  goes  to  zero 
by  the  Lebesgue  Bounded  Convergence  Theorem.  Therefore 


U3*2lj.) 


% 


lim   J(|f['P"R.]-ft'P^I|2J  =  0 

<T9t— >CO 


and  f  is  integrable  with  respect  to  (F)  for  a  =  2,  As  the 
sequence  (P)  was  arbitrary  this  proves  that  £  is  integrable  in 
all  coordinate  systems • 

To  show  the  integral  is,  independent  of  (P)  we  note  that 


J(f[Pk*])  *  Tr  Ln 


(13-25) 


which,  by  the  original  assumptions  with  |a  =  n9   must  converge  to 
Tr  Li  and  so         ■  -         *      . 


Tr  la 


(13.26) 


It  is  well  known  (see   von  Neumann^   Math.    Found,    of  Quantum  Kech., 

Ch,    11)    that   if  ill  is   the  difference  of  a  pair  of  positive  defi- 

n. 
nite   forms,   which  we  have   assumed  for  Lip    its   trace  will  be   uni- 

tarily  invariant.      Thus   Tr.  Lj  is   invariant   under  all  unitary 

transformations   of  £*2Cfn).     Since,   by  (13.15),   we  know  that   a 


unitary  operator  on  ft  transforms  £  (in)    unitarily,    it   follows 
thatx?(f)    is   semi-invariant. 

The  proof  of  the    invariant    integrability   of  the  product  of 
several  functions   each  satisfying  the   conditions  of  the  previous 
theorem  goes  along  very  similar  lines  and  need  only  be   sketched. 
By  formal  manipulation  -  which,   as  before,   can  be   verified  by 
direct  computation  in  the    finite  dimensional  case   -  one  sees   that 
the   integral  of  the  product   and  of  the    square   oi    the  difference 
of  two  such  products   are   given  in  torm3   of  integrals   in  which 
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variables  are  paired   and   then  integrated   out.      For  example:      in 
the  case  of  the  product  of  two  such  functionals,   f  and   g  with 
coefficient  functions  4(s,,... ,s   )   and  ^(s^, . . . ,  s^)   where 
Y+6  =  2n,   one  has 

(13.27)     J(fg)   =IcJ 


jcKs^s^i 


fY-2^ 


)dSl 


iKT^T^.R6-2^/1 


dR 


6-2£ 


where  \-2\l  =   o-2fi  and  each  integral   is   over  the   appropriate 
space »     Also 

(13.28)  JcKfgHP^]!2) 


(tW(S^,S^VsTX,UP)dS^  U  %^sV^V^5%V- 


♦^^R^tVW* 


/^S^V'^^ 


dRVUTXdTXtdIJ%Jp 


2ti+v+X+p  =  2u.'+v+\?  +  p'  =  y 


where 
and 

2]Z*v«+X+pf  =  ^{l+v'+X'+p  =  6  . 

In  the  expression  for  i(  |  {  fg)[?X*  ]-(  fg)  [  P0"*  3  I2)  one  has  nine 
sums  as  in  (13.28)  with  different  combinations  of  X   and  o*.  ve 
note  that  if  the  traces  (i.e.,  the  integrations  with  respect  to 
dS  ,  •  ••,  dS^)   give  square  integrable  functions  -  which  is 
guaranteed  by  ths  conditions  -  then  the  remaining  integrations 
may  be  expressed  as  a  product  of  appropriate  scalar  products  by 
a  procedure  analogous  to  (13.II4.)  and  all  the  results  will  be 
unitary  invariant  and  continuous  in  the  strong  topology.  As 
ff— >  00  p  P  — >  I  strongly  and,  by  the  assumptions,  the  £     dif- 
ferences of  approximating  traces  goes  to  zero.   It  follows,  as 
in  the  first  theorem,  that 

(13.29)    J(l(f1f2...fN)CP^]-(f1f2cfN)[Pt-]|2)  ->  0 

and  f  is  integrable  with  respect  to  (P).  Also,  as  in  the  proof 
of  the  first  theorem  it  follows  that  the  integral  is  independent 
of  (P). 
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It  is   clear  that  If  f  satisfies  the   requirements   of 
Theorem  I  it   is   not  only  semi-invariant  but   invariant.     To  see 
this  we  modify  the  proof  of  Theorem  I  as   follows:      in   (13.22) 
write  4         instead  of  4         where   4         corresponds   to  Q^  as   4 
corresponds   to  P°".     ve  note   that  the    integral  dS^  in  (13.23), 
with  this   modification,    becomes,    for  almost   all  A* 

tTlHl7C)Z)  vhere  BV,/C  =(lIa,pT  'H.a***-  Slnce  lH.a  ls 

the  difference   of  definite   operators,    this    is  of  finite   double- 
norm  and  htff  /?     —>  0   in  double-norm  as    0~,t   — >  co  .      Hence    (see 
Zaanen,    Linear  fln^lysis ,   p.   2\\\\)  t    the   integral  dS*1  goes    to   zero 
for  almost  all  A   and,    as  with  (13.23), 


(13. 30)     lim 
<r,T-*»oc 


|  |4(t)(s^,s'1,-Ax)4(<r,(s'tIs^,AX)}ds't 


<VV  =  o 


and  f  is  invariant. 

Similar  considerations  apply  to  products 
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Chapter  XIV:  The  Fcynman-Knc  Formula 
As  is  well  known,  the  formula 


(1^.1)      f(t,x)  =  -A-   \e   2t    f(y)dy 

-00 


T 


expresses  the  solution  of  the  initial  value  problem  for  the 
parabolic  partial  differential  eq.atxon  of  "heat  flow": 

(l!j..2)     g|  f(x,t)  =  I  -^  f(x,t)   ,     t  >  0 

^x 

f(x,0)  =  f (x) 

To  establish  this,  we  differentiate  formula  (llj.el)  under  the 
sign  of  integration 

UU-3)     ^f(x,t)=  -  |t*Xf(x,t) 


+co       (x-y) 


00 

2 


+00       »  (x-y) 
a§  f(x,t)  =  -  -1-  t^f  (x-y)e   "^  f(y)dy 

2  +00      _  (x-y)c 

%  f(x,t)  =  -t^fCx^)  +  t~2JL  [   (x-y)2e"   2t  f(y)dy  f 


CO 


proving  the  validity  of  the  partial  differential  equation  (lij..3 
for  each  function  f  such  that 

+co     2 


f  e"CX  |f(x)|dx  <  co 


-co 


xrv-2 


for  each  c  >  0,  To  establish  the  validity  of  the  initial  con- 
dition (1/+.2)  we  must  sircnose,  in  addition,  that  f(x)  is  con- 
tinuous; in  this  case,  the  argument  required  is  a  standard 
•singular  integral*  argument  the  details  of  which  are  left  to 
the  reader  as  an  exercise • 

Formula  (llj.,1)  may  readily  be  written  as  a  Gaussian  integ- 
ral. Indeed 9   we  have 

8  jl      r^^V2:^-i/2s2 


s;  e     as 
I 


+0D  a, 


\     f(x+y)e~y/2fc  dy 


■  GO 

*€0  (X-U 


du 
oo 

where  the  Ililbert  space  Jr>  is  taken  to  be  the  space  Lp[0goo  )  of 
square-integrable  functions,  and  where  #£  denotes  the  character- 
istic function  of  the  interval  [0,t].  The  commutations  are 
valid  since  the  integrand  of  the  Gaussian  integral  on  the 
right-hand  side  of  this  formula  if]  a  cylinder  functional  whose 
integral  may  be  evaluated  by  formula  (3«1)  of  Chapter  V. 

A  corresponding  integral  formula  is  knovn  for  the  solution 
of  the  more  general  parabolic  initial  value  problem, 

{1^#5)    ^  F(x,t)  =  |  ^     P(x,t)  +  V{x,t)F(x,t)  ,  t  >  0  | 

#x 

F(x,0)  =  F(x)   , 
V  being  a  given  coefficient  function*   This  formula  is 


XIV  -3 


(14.6) 


P(x,t) 


(s)ds+xl oxp 
/ 


I  J  V|  s,  J  <|>(u)du+xjds  LG(d<J)  „ 


The  .aain  point  of  tne  present  chapter  is  to  establish  this 
formula.  Wo  shall  divide  the  proof  into  the  proof  of  two 
lemmas f  which  vjill  be  stated  in  terras  of  the  following  defin- 
ition. 


(lw.7)  Definition:  Let  V(t,x)  be  a  given  ''coefficient  function", 

defined  for  all  x  and  all  t  >  0,  and  continuous  and  uniformly- 
bounded  in  t  and  x  in  its  ran£*e  of  definition.  Let  F(x)  be  an 
inte^rable  function  of  the  real  variable  x;  then,  for 
0  <  s  <  t#  we  define  the  mappin;;  T  *  by  the  formula 


(14.8)  [Ts^tP](x)=IP(  j  <J'u)du+x)exp 


1 


J  vfu,  J  4(v)dv+x|duLG(d<H, 


s 


u 


(14.9)  Lemma:  ^  [Tfl  tF](x)|t=s=  \  -^  F(x)+V(x,s)F(x) 

3x 

if  the  function  P  is  mtegrable  and  has  two  continuous  deriva- 
tives, and  if  s  >  0  . 

Proof  of  Lemma  14.9:  It  follows ' immediately  from  defini- 
tion  (14»7)  that  for  each  inte^rable  function  P  the  quantity 

[Tfc  ^  Tfl  tP](x)  may  be  written  as  an  iterated  Gaussian  integral 

as  follows:  .        t, 

(14.11)  [Tt^t  Ts^tP](x)=j  J  pK  <f(u)du+  ^  ♦  (ujdu+x*)  . 


rt 


exp 


exp 


m    a 


J  Vju,  f  4(v)dv+j  x(v)dv+x]  du 

8   \    U         t  / 


*- 1 


\  Vju,\  ijr(v)dv+x»du 
V  u        / 


H0(d«f)jiG(d\If) 
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'Text;,  It  must  be  observed  that  a  striking  form  of  Fubini»s 
theo;  m   holds  for  Gaussian  integration  over  Hilbert  space. 
Supp<  ?e  that   Su  and   5xp  arc  two  Hilbert  spaces.  Then  their 

direc  sum  3{,  (±)Svo  is  also  a  Hilbeit  space,  and  hence,  if 

3v  3  is  any  ocher  Hilbert  space  (of  the  same  dimension)  there 

exists  an  isometric  mapping  U  of  oi,  ©5L  onto  jl^*    If  [$fty] 

is  a  pair  of  elements  such  that  4  6  -So.,  ^  e  S\*~$   thenri=  U[4>j^3 

will  be  an  element  of  Sv,.  Let  G(4,ty)  be  a  function  of  the  two 

variables  4  and  $}      suppose  first  that  G(4*ty)  is  a  cylinder 
function  on^(,  (dt^Svo*  so  that  there  exist  orthonorrnal  elements 

}4^»»«»#-4nlof S^i  $   orthonorrnal  1  4s  #•  ••#<rm\0*'  ^p*  a^d  a  function 
g  of  (n+m)  real  variables,  such  that 


•   ■ 


(1I1..12)   G(4,t)  =  zi  (4#41),...,(4#4n)f(t,*1),...,(^*m)^  . 

Then,  by  formula  (3.1)  of  Chapter  V, 


m 


,13)  J       J 


^1^2 
+co 


G(4,t>|ifl(d4)iift(di!f) 


+00  +00 


e 


""  'j  \^"i    •  • 


•+^+m} 


dxl*Md3n4m 


•00  -00 


On  the  other  hand,   let  J?   (*j)  =  3(U^),     Thenju[41,0]#...utf|/0l 
fU[09ty1],...|U[0Jfm]J  f0rn     an     orthonorrnal     sot     in     Sv^,   which 
we  may  denote  as  )  *)x*  *  *  •  **1  n+ml   '   and  cleQrllr 

f       ' 

By  formula   (3.1)   of  Chapter  V,    JL  >#  (*)  )^GUh  )   is   expressed 
by  the  (n+m) -fold      Lebearjue    into   r:  1    on   the   ri-ht   of   (lij.,13). 
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Thus  we  find  that 


%**  s 


iee.,  that 


J  J   G(4,t)nG{d<|)jiG(d*)  =J  GdT1'! 


(ll*.l5)  J  J  G(4,t)nG(d4)jiG(d*)  =J  G(u"xn)^G(dw) 
1  2 


This  formula  is  at  first  verified  only  for  cylinder  functions 
G  but,  by  a  process  of  approximation  like  that  used  in  Chapter 
VIII,  it  may  readily  be  shown  to  be  valid  for  all  functions  G 
inte arable  in  the  s^nse  of  that  chapter.  The  details  of  this 
argument  are  left  to  the  reader  as  an  exercise«  We  wish  to 
consider  the  application  of  formula  (llj.,15)  to  the  proof  of 
Lemma  ll*.9  •  Suppose  then  that  the  Hilbert  spaces  5U  and  $v/p 

are  both  the  space  Lp[0,co  )•  Then  the  space  Sip*  may  also  be 

taken  to  be  L2[0,oo),  and  the  isometry  U  may  be  constructed  as 

follows  in  terms  of  the  quantities  t  and  t,  of  formula  (lJj.,,11). 

Let  4  e  LptOjCO  )  and  ty  e  L2[0,co  ), Define h=  UC49t] 


4(x)  0  <  x  <  t 

<f(x-t)  t  <  X  <  t. 


M(x)  * 


! 


X-t, -t)  t,  <  X  <  t 

^(x-2t)  tx+t  <  x  <  2t, 

4(x-2t1-2t)  2tx  <  x  <  2^+t 

«  ♦  • 


A  diagram  may  perhaps  make  this  c  nstruction  more  clear. 


Then  clearly 


I*  f1  f1  # 

I      |(u)du  +  1      'Mujdu  =  I      Mu)du, 


f  C1 

4(v)dv  =1       \[f(v)dv  =]      rj(v)dv         u£[s,tj, 
t  'A* 


and 


f 


I     ♦(v)dv  =        *} 
«u  u 


(v)dv 


u  £  [t,t1J 


Thus,  using  formula   (llj.,11)  and   formula   (I^.«l5)9   we  find  that 


(lfc.16) 


I C  '• ,o 


)du+x]    exp 


Si       ^ 


•  exp 


t         v       u 


V  |  u,  \       *y(v)dv+xl  du 


l  ** 


ru 


7 


1 


tl 


\     n(u)du+x  1  exp 


s 


(v)dv+X|    du 

6  \  U 


ixG(dn) 


1 


(v)dv+x|    du 


[iQ{dh) 
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so 


fTt,t1T8,tPl<X)  5  ^S.t/Hx) 


proving  Lemma  ll|..9  • 


Q.  Be  Do 


Proof  of  Lemr.a  14. 10:  Let  s  be  :*iven,  and,  for  each  func- 
tion P  satis fving  the  h^notheses  of  Lemma  10.7.0,  let 
W*  4.  4-  P  be  defined  by 


ak.17)      l\<t$t   $t   P](x) 


r  /t 


)du+x]  exp 


5-0  *s 


f1  (  \2         \ 

I  Vlu,|   4(v)dv+xj  du 
s      u 


^G 


Then 
(14.18) 


[W4 


,s,t/><x>4P(j  4(u)du+xj 


pf' 


p-qC^) 


90  that;  by  the  first  paragraph  of  the  present  section ^ 

a  , 

<m.l9)       £   CWttS>t2P](x)  =  I  ^tWt,s,t/Hx)    . 

Thus,   putting  t  =  s,    it   fellows,    since    [W     0   .    P](x) .=  P(x) 

by   (14*18)  and  by  the  first  paragraph  of  the  present   section, 
that 


(14.20) 

Moreover, 
(14.21) 


[W, 


d^lwt,s,t2- 


P](x) 


t=s       ^  $  x< 


P(x) 


a 

5TT 


-fwt  t  t  pHx)  =  \  F\\    <f(u 


)du+x    • 


•  exp 


*v     Vfl 
t, 


<J(v)dV+x]du 


8 


u 


V(t1#x)iJLG(d4) 


(t1#x)[Wt  t     t  P](x) 
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wh.'.le  evidently 
Thus. 


S%<wM.t/><*)  =  0, 


it  twt#t#tP](x)|t=s  =5|  Cwt#s#sP3(x)|t=s=  ^tws>t>sP](x)|?B 

i    a2 
*  4  -^  P(x)  v(s,x)P(x)   , 

since  ^  [W^    t  F](x)  and  5?-  .  [W^  t  ^  Pj(x)  are  readily  seen 


from  (H..19)  and  (l/j..21)  to  be  continuous  in  t,t,,  and  tp  so 

that  the  chain  rule  for  differentiation  is  valid.   Since" 
[W^  t  tP](x)  =  [Ts  tP](x),  this  proves  Lemma  lJj.,10'  • 

How,  combining  Lemmas  l'.j..9  and  1^.10  we  find  that 


.     2 


(lt.23)         £   ft0ftP](x)   =^f   Wt     T0#tPj(x)|8Bt 


I 


*    3      +  y(t 


,*>J    [T^ 


tF](x)    , 


Thus  [TQ  tP](x)  =  F(x,t)  defines  a  solution  of  the  parabolic 
partial  differential  equation  (1^.5).  Since 


lT0>0P](x) 


4(s)ds+x]  exp 


■  J  P  ( J  4(s)ds+x] 


i 


V  [s,  (  4(u 

s 


)du+x-  ds 


* 


ft 


*4) 


t=o 


^G(d^|t=0  =  P(x)  ' 
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we  have  al sp  P(x,0)  «  F(x),  Thus  the  fact  that  the  integral 
formula  (3i».#6)  defined  a  solution  of  the  parabolic  initial 
value  problem  (1^«5)  is  comnletely  verified, 

A  corresponding  formula  may  readily  be  written  for  the 
solution  of  the  more  general  initial  value  problem  for  the 
parabolic  partial  differential  equation 

dk.Zh)        £  P(x1,...,xn;t)  =  \  _s|  +_  +  _i|  p(Xii...iXn.t) 

&  X«»        &  x^ 

t  >   0; 
+  V(x1,e.a?xn|t)P(x1<,9.e5xn|t) 

P(x1,4,,,xn;0)  =  P(x1,..,,xn)  ^ 

V  being  £  ^iven  coefficient  function.   To  write  this  formula 
we  let  5^->  denote  the  space  of  all  functions  4(s)   of  the  real 
variable  s9   defined  for  s>  C,  and  havingvalu.es  in  the  space 
En  of  n-dimensional  vectors,  such  that 

00 

(  ||4(s)||2ds  =  II  4  |!2<oo 

This  space  is  a  Hilbert  space  so  that  a  Gaussian  integral  is 
defined  for  functions  on  5i.  If  we  write  P(x)=F(x, , . « .  ,x  ), 

where  x  is  the  vector  in  En  with  components  x, -.^.x^  .  then 

a'    n  * 

the  desired  formula  for  the  function  F(x,t)  of  (l'|.2l|.)  can  be 

written  as       f/^        \    1"*   /   *       \  " 
(lJj.,25)   P(x;t)=]p(J  <Ks)ds+x|exp  ]  v(s,  U(u)du+x)ds  |iP(d<t), 


a  formula  exactly  similar  in  form  to  (l!j.,6).  i'he  proof  in  this 
new  case  is  quite  like  the  proof  that  formula  (1^6)  defines 
a  solution  to  the  parabolic  initial  value  problem  (I/4.5).  In 
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the  special  case  V  5  0,  in  which  (llj.,2^)  refers  to  the 
n-dinensional  heat  equation,  it  i.s  readily  seen  that  the  in- 
tegral (14, 2£)  is 


(14.26)  P(x1|MMXnjt)=P(xit)B|?(]  4(s)ds+xJtiG(d4) 


**f*y 


n 


-v^i"nj  F(y1,...,yn)exp[.^{{x:L.y:L)2+..<  +  (xn.yn)2j]. 

•dyi«..dyn# 
i,e(|  is  the  ordinary  Integra- 1  for  the  solution  of  the 
n-d;imensional  heat  equation.  The  proof  of  the  .general  formula 
(lij.«.25>)  uses  the  results  known  in  this  special  case.  To  the 
reader  is  left  all  elaboration  of  the  details  of  this  proof. 

Formulae  (lij.,6)  and  (ll;. 25)  provide  a  powerful  means  for 
calculating  certain  non-elementary  Gaussian  integrals  in  Hilbert 
space*   Suppose,  for  instance,  that  V  is  a  given  measurable 
function  of  the  real  variable  s,  that  e  is  a  Borel  set  of 
real  numbers,  and  that  v/e  wish  to  calculate  the  Gaussian  measure 
Py(%)   of  the  subset  e  of  Hilbert  space  defined  by 

.  e  *  [<k?i:  f  V  f  J  4>(u)dujdt£  e  (  , 


This  problem  may  be  solved  as  follows.  Prom  the  definition  of 
an  inte  ral  as  a  limit  of  suns  we  have  evidently 


(11^27)   J   e1Xt  Hy(dt)  =]  exp  U  \  V  U  <j>(u)du|dt 
-00  >u   L   0    X> 


HG(d4> 


The  integral  on  the  ris'nt  of  (l'j..27)  may  be  expressed,  using 
(I/4.. 6),  as  Pv(0;l),  where  P.(x;t)  is  the  solution  of  the 

initial-value  problem 

.28)  ^   Px(x,t)  =  \  |- g  Px(x,t)  +  iXV(x)Fx(x,t) 

t  <  0  ; 

Px(x#0)  5I 
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If  the  solution  of  this  initial-value  problem  can  be  .iven 
explicitly,  then  inversion  of  the  Fourier  transform  on  the  left 
of  (lJj.«27)  will  give  an  explicit  expression  for  \iy 

The  Gaussian  integral  with  respect  to  the"general  Gaussian 
measure11  defined  by  formula  (9#1)  of  Chapter  V  may  be  used  to 
express  the  solution  of  the  initial  value  problem  for  the  par- 
abolic P.D,FU 

(1*4.29)  ^P(x,t)  =!jj.-^P(x,t)  +  V(x,t)F(x,t) 

CfX 


t  <  0; 


P(x,0)  =  F(x) 


(10,30)  F(x,t)=J  Fl  \   4(s)ds+xJexpM  V(s,l  <j>(u)du+x)dsl  ^(d<).), 

where  u-STdenotes  the  Gaussian  measure  defined  by  the  ri^ht  side 

of  formula  (9.1 )  of  Chapter  V,  If,  as  in  Chapter  V,  we  allow  *T 
to  be  complex,  we  can  hop©  to  express  the  solution  of  an  even 
more  general  class  of  partial  differential  equations  as  inte- 
grals over  Hilbert  space.   In  particular,  if  vie  go  "to  the 
limiting  case"  relative  to  the  considerations  of  I  9  of  Chapter 
Vj  and  take  <T  =  -  *-  i,  we  obtain  (at  least  formally)  an  Integra] 

over  Hilbert  space  which  expresses  the  solution  of  the 
"Schro'dinger  equation" 


U0.31)  |  ^  F(x,t)  =  -^  F(x,t)  +  V(x,t)F(x,t) 

F(x,C)=  F(x) 

This  v/as  the  roi'm   in  which  the  class  of  formulae  treated  in  the 

present  chapter  was  first  proposed  by  the  physicist  Feynman,  in 

connection  with  certain  researches  in  quantum  theory.  Because 

of  the  still  unresolved  analytical  difficulties  in  treating  such 

complex  Gaussian  measures  over  Gilbert  space,  we  shall  not 
pursue  this  matter  to  any  £recter  extent. 
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Chapter  XV 
The  Wlener-Slegel  Causal  Theory  of  Quantum  Mechanics 

The  ordinary  formalism  of  quantum  theory  may  be  described 
In  hurried  outline  as  follows.  Each  observable  property  of  a 
given  physical  system  is  associated  with  an  Hermitian  operator 
A  on  a  (complex)  Hilbert  space  £.   The  evolution  of  the  physical 
system  in  time  brings  about  a  systematic  and  continuous  change 
of  these  observables  and  a  corresponding  change  of  the  associa- 
ted Hermitian  operators:   this  latter  change  is  determined  by 
the  Heisenberg-SchrBdinger  equation 

i(t-t  )H      -i(t-t  )H 
A(t)  =  e     0  A(t0)e      °   , 

which  may  be  written  in  differential  form  as 

-1  ft  A(t*  =  H/^t'  "  A(t^H  » 

here  H  is  the  so-called  "energy  operator'*  for  the  system.   In 
the. simplest  cases,  the  physical  system  will  be  in  a  certain 
"pure  statistical  state11  determined  by  a  vector  x  e  jl  of  norm  1. 
In  such  a  state,  each  observable  has  associated  with  it  a  cer- 
tain well-determined  probability  distribution,  which  gives  the 
probability  that  a  measurement  of  the  observable  corresponding 
to  the  operator  A  will  lie  in  any  given  subset  of  the  real  axis. 
The  fundamental  statistical  law  of  quantum  theory  states  that 
the  expected  value,  EXP(A)  or  average  for  the  measurement  of  the 
observable  corresponding  to  A,  when  the  given  system  is  in  a 
statistical  state  determined  by  the  vector  x  is  given  by 

(15.1)  EXP  (A)  =  (Ax,x)  . 

Now,  the  problem  of  a  causal  interpretation  of  quantum 
theory,  in  general,  is  to  recast  formula  (15.1)  into  the  form 
of  an  ordinary  statistical  assertion,  frore  precisely,  one  wants 
to  find 
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(15.2) 

(a)  a  space  &-  of  elements  ul*     These  elements  *>   are  to  be 
thought  of  heuristically  as  "hidden  variables",  knowledge 
of  which  would  suffice  to  determine  the  "true  values"  of 
the  observable  A,  not  probabilistically,  but  definitely. 
Thus,  with  each  observable  A  one  wants  to  associate 

(b)  a  function  fA(w)  defined  on  the  space  -ft.   The  next  step 
would  be  to  interpret  (l$.l)  as  a  true  statistical  formu- 
la; that  is,  to  find 

(c)  a  probability -measure  u-  on  the  space  SI,   associated  with 
each  state  vector  x  e  ft,  in  such  a  way  that 

fA(u/)iix(dui)  =  EXP  (A)  =  (Ax,x)  . 


i 


1 


Von  Neumann  showed  that,  in  case  the  correspondence 
A  — >  f A  is  assumed  to  have  a  number  of  reasonable  algebraic  pro- 
perties (such  as  linearity,  etc.),  the  problem  of  hidden  varia- 
bles as  defined  by  (l£.2)  has  no  solution.   N.  Wiener  and  A, 
Siegel,  in  two  recent  papers  on  this  question,  have  made  an 
observation  in  this  connection  which  it  is  the  aim  of  the  present 
chapter  to  explain.   (See  the  second  of  these  two  papers,  wuovo 
Cimento  Ser.  X,  v.  If  J  p.  982,  (1955)  for  a  reference  to  the 
first  paper,  and  for  what  follows.) 

It  should  first  of  all  be  noted  that  the  Hilbert  space  ft 
involved  here  is  complex,  rather  than  real  as  has  been  the  case 
till  now*  Thus,  if  ($  \   is  an  orthonormal  basis  for  it,  each 

vector  x  e  j\.can  be  written  uniquely  as  x  =  y       aii±t   where  fa  A 

is  a  sequence  of  complex  numbers  such  that  *>        |a.  |  <  oo  , 

rather  than  a  sequence  of  real  numbers  such  that  V  ""  af  <  co  as 

1=1  x 
has  been  the  case  till  now.  The  simplest  way  to  define  a 

Gaussian  integral  in  the  complex  Hilbert  space  ji  is  as   follows. 

Let  h.^  be  a  real  Hilbert  space,  with  an  orthonormal  basi3  U<   \, 
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Write  a  complex  number  a  in  terms  of  its  real  and  imaginary  parts 
as  a  -  a  +  ib.  Then. the  mapping  U  defined  by 

(15.3)   U(  Ojd^  +  a2<J2  +  ...)  =  (a^  +  b^g  +  a^  +  b^  +  ,..) 

determines   an  isometry  of  K.  onto  jL  .     If  f  is   a  .function  defined 
on  ft,  we  call  f  Gauss -integrable    if  the  function  f(U""   (•)), 
which  is  a  function  defined  on  ft,  ,   is  Gauss-integrable,   and 
write 

(154)  [     f(x)nG(dx)   =  jr     f(U*"1(y))ixG(dy)    , 

Aft  ^1 

defining  the    integral   on  the   left  by  that  on  the  right .      If  V 

is  a  unitary   transformation  of  ft  onto  itself,    it   is   clear  that 

-1  c 

V\  =  UVU   is  a  unitary  transformation  of  JU  onto  itself.   Thus 

(1$.5)      J  f(Vx)nG(dx)  =  J    fCVU^yJ^dy) 

=  J   f(r1V1y)uG(dy) 

=  t  f(x)^G(dx)  , 

proving  that  the  Gaussian  integral  in  complex  Hilbert  space  is 
also  unitary  invariant.   If  f  is  a  cylinder  function  on  h,  which 
we  write  as  f(x)  =  <f( (x,v,) ,... ,(x,v  ) ), /v,, ... ,v  |  being  an 
orthonormal  set  of  vectors,  and  i(z^9  *  • , ,z   )  a  function  of  n 
complex  variables,  it  follows  readily  from  definition  (154) 
that 

f(x)nG(dx)  =  (2it)"nl   ...I   4(a1+ib1,...lan+ib  ) 

•  exp  [-  I  (a^  +  b^  +  ...+  a^  +  bn^dar,,dbn 

±  (2n)"n   ...       ...J   4(r,o  \...;r  e  n) 

Jo   JO  JO   JO    j        n 

12     2 

•  exp  [-  5(r1  +  „,+r)]d01.,.de  r.dr,,„r  dr   . 

c.     x  n    j.    nil   nn 
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This  last  form,  which  gives  the  integral  in  "polar  coordinates", 

will  be  useful  below. 

We  are  now  ready  to  state  the  Wiener-Sie^el  formula  in  its 

connection  with  the  problem  defined  by  (15>.2).   Let  the  physical 

system  be  in  the  statistical  state  determined  by  the  vector  x. 

As  the  space  -A  of  hidden  variables  we  simply  take  the  Hilbert 

space  fi   itsel  .'.   As  the  measure  of  (15.2)  (c)  we  take  the 

Gaussian  measure  |ag  in  Hilbert  space.   Thus  Wiener  and  Siegel's 

measure  \lq   is  independent  of  the  state  vector  x.   The  function 

f»  of  (15.2)  (b)  is  defined  for  a  Hermitian  operator  A  as  follows 

at  any  rate  in  the  special  (but  not  terribly  special)  case  in 

which  A  has  a  discrete  spectrum  with  a  complete  set  f %J\   of 

•  n  j 

eigenvectors  and. a  corresponding  set  (^  }  of  real  eigenvalues: 
(15.7)   If  there  is  an  n  such  that,  for  every  m  /  n, 


/vx,tn; i 
then  put 


Ky.€n)/(x,£n)|2  <  |(y,?B)/(x,Cm)r 


fA<y>  -  \  • 

Otherwise,   put 

fA(y)  =  0  . 

(The  set  of  y  involved  in  the  second  case  is  a  set  of  Gaussian 
measure  zero,  which  is  why  it  may  be  treated  so  cavalierly.) 

Since  the  function  f.  defined  by  (15.7)  depends  also  on 
the  state-vector  x,  it  is  better  to  write  it  as  fi   (y).   At 
any  rate,  the  fundamental  statistical  formula  (15.2)  (c)  which 
must  now  be  proved  is 

(15.8)         J  4x)(y)iiG(dy)  =  (Ax,x)  . 

A. 
To  prove  this,  suppose  that  we  make  use  of  the  unitary  invaraince 

of  the  Gaussian  integral  to  write  Hilbert  space  in  a  representa- 
tion i^i»a29  * • "J  in  wnich  A  *s  diagonal,  i.e.,  in  which 
A  (a^,^, .  •  •!   * .  .)Sai»\?a2'  • '  •  \    *     Then,  what  must  be  shown  is 


xv-s 

(15.9)    JZ  X^  =  (Ax.x)  =    J   fjx)(y)n0(dy) 


CO 


xj(27rrcD( 


r2it 

dO 
^0 


j)wl"^^*jj«j[gj"  «»^iJ 
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where  X.   =  t  xVx<.  Here  x,  =  |(x,£,)|  by  definition;  we 
have  made  the  substitution  t,  =  -r>r.  in  the  polar  coordinate 
form  (lf>.6)  of  the  integral  fl5.8),  and  have  also  made  use  of 
the  definition  (15-7)  of  the  function  f^x '  •  Thus,  what  must  be 
shown  is  that 

«co 

But  we  have 

J  co  (         roo 

exp[  -t .  ]dt .  J  TT  ©xp[  -t  Jdt 


P  fCO  (  l*C© 

(15-10)       x*  =    1     exp[-t,]dt,   -ITT  @xp£-t  Jdt 


oo 


exp[-t.]  TT     exp  C»t.x^/x^3 
J    r/j  J  r     J 

9xp[-tj(l+^x2/x2j)dtj 
exp  [-t«/x,jdt.  =  x,   • 


Here  we  have  used  the  fact  that  |)x|I  =  1  in  the  form  J~~   x  =  1. 
Thus  (15.10)  and  Q5.9)  are  established.  r=1 

So  much  for  the  mathematical  side  of  the  present  discussion. 
It  should  be  noted  on  the  physical  side  that  in  the  statement 
(lj.2)  of  the  problem  of  hidden  variables  it  was  essential  that 
the  function  f,  defining  the  true  value  of  tho  observable  cor- 
responding to  the  hermitian  operator  A  at  the  various  points  In 
phase  space  &  was  Independent  of  the  statistical  state  x  arid 
that  this  statistical  state  x  determined  only  the  7ioasuro  u  on 
the  space /le  These  requirements  spring  directly  from  the  very 
notion  of  a  "statistical  interpretation",  in  tho  classical  sense, 
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of  a  physical  process,  since  this  notion  demands  that  the  observed 
average  values  of  observables  should  be  defined  as  a  'harmless1 
average  of  completely  non-statistical  mechanical  quantities, 
well  defined  as  functions  on  a  phase  space,  without  any  reference 
to  statistical  considerations.  To  allov;  the  very  functions  on 
phase  space  which  define  the  values  of  observable  quantities  to 
depend  on  a  statistical  state1  is  thus  to  offer  a  theory  that 
is  very  far  indeed  from  a  classical  statistical  theory,  and 
hence  from  anything  that  can  justifiably  be  called  a  'causal'  or 
•hidden  variables'  theory  of  quantum  mechanics.   For  this  reason 
It  may  be  considered  that,  in  a  strict  sense,  the  results  of 
Wiener  and  Siegel  do  not  yield  a  truly  causal  theory  of  quantum 
mechanics. 
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Bibliographic  Appendix 

The  specific  approach  to  integration  in  Hllbert  space 
developed  in  these  notes  was  initiated  by  K.O.  Priedrichs 
in  [1],  p.  52-63#  Most  of  the  earlier  work  on  related  prob- 
lems concerned  the  Wiener  integral  discussed  in  Chapter  IX 
above*  The  fundamental  early  papers  were  Wiener  [1]  and 
(2],  and  Pal^.y,  Wiener,  and  Zygm'und  [1].  Most  of  the  subse- 
quent progress  is  due  to  R.H.  Cameron,  W.T.  Martin,  and 
their  students,  Cameron  and  Marton  [3],  £$],  [?J,  and  Came- 
ron and  Pagan  [1]  study  the  efiect  of  various  sorts  of 
mappings  in  the  space  of  continuous  functions  on  the  Wiener 
measure,  establishing  generalizations  of  the  Jacobian  deter- 
minant law  governing  changes  of  variable  in  finite  dimensio- 
nal multiple  integrals.  Cameron  and  Martin  [6]  evaluate 
various  Wiener  integrals  by  the  use  of  a  general  method  in- 
volving 'changes  of  variable'  in  the  space  of  continuous 
functions,  and  making  use  of  certain  Sturm-Liouville  diffe- 
rential equations.  Cameron  and  Martin  [2]9   Cameron  and  Hat- 
field [1],  [2]  establish  a  complete  set  of  "Fourier-Hermite 
functionals"  in  the  space  of  functions  square-integrable  over 
the  Wiener  measure-  space,  and  study  the  associated  series- 
expansion  theoiy,  Cameron  [l|]  and  C?meron  and  Martin  [9] 
develop  a  related  theory  of  Fourier-Wiener  integrals «  Cameron 
and  Martin  [1],  [hr] ,  Cameron  and  Shapiro  [1] ,  Cameron,  Lind- 
trcn,  and  Martin  [1]  show  how  the  solutions  of  certain  non- 
linear integral  equations  can  be  expressed  'explicitly'  in 
terms  of  Wiener  integrals.  Cameron  [2]  and  Owohar  [1]  study 
formulae  for  Wiener  integrals  related  to  the  formula 

t 
^  (  f(x)dx  =  f(t) 

« 

for  functions  of  a  real  variable «  Cameron  [1]  givej  a 
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•Simpson's  Rule1  for  the  numerical  evaluation  of  Wiener  in- 
tegrals. See  also  Kac  [2],  Marumaya  [1],  Cameron  and  Graves 
[1],  Cameron  [[{.],  and  Wiener  [3],  Paley  and  Wiener  [1],  and 
Chapter  IX  above. 

The  development  of  the  Feynman-Kac  theory  presented  in 
Chapter  X  above  begins  with  the  thesis  of  the  physicist 
Peynman  [1],  e  :d  continues  in  the  studies  of  Kac  [lj  and 
[3],  Rosenblatt  [1],  Tingley  [1],  Portet  [1],  Cameron  [3], 
Montroll  [I],  Steinberg  [1].  The  authors  cited  all  investi- 
gate various  aspects  of  the  relationship  between  a  partial 
differential  equation  of  parabolic  type  and  the  Wiener-in- 
tegral formula  for  its  solution,  Cameron  t3]  in  particular 
gives  very  detailed  results  under  very  mild  analytical 
restrictions*   It  should  be  remarked  that  the  relationship 
cited  is  a  particular  case  of  a  more  general  relationship, 
known  from  the  probability  theory  of  Markoff  processes, 
between  a  Markoff  process  in  its  'transition  probability1 
and  its  8 sample  function1  representations.  For  applications 
of  the  Peynman-Kac  formula  to  the  theory  of  probability,  see 
Kao  [1]  and  Erdos  and  Kac  [1].  Gelfand  and  Yaglom  [1]  give 
an  excellent  review  of  the  theory  of  the  Wiener  integral 
with  special  emphasis  on  the  Peynman-Kac  formula. 

For  various  other,  quite  different,  approaches  to  the 
problem  of  integration  in  Hilbert  space  see.  K.  LAwner  [%) , 
E.R.  Lorch  (1],  [2],  [3],  Priedrichs  [1],  p.  121-132,  P.  Levy 
til,   P.209-3S5. 
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Errata 

Corrections  will  be  given  by  chapter,  page  and  line. 
Starred  line  numbers  are  to  be  counted  from  the  bottom  of  the 
page.  Thus  1-3*6  refers  to  the  sixth  line  on  page  three  of  the 
first  chapter  and  1-7 J 5*  refers  to  the  fifth  line  from  the 
bottom  on  page  seven  of  Chapter  I. 

In  Chapter  I  the  measure  originally  used  was  the  Gaussian 
distribution  with  mean  0  and  variance  1.   In  the  later  chapters 
the  Gaussian  distribution  with  mean  0  and  variance  1/2  is  used 
and  certain  formulas  in  Chapter  I  were  written,  mistakenly,  for 
that  case.   It  is  felt  that  the  simplest  solution  is  to  let  the 
reader  make  the  appropriate  corrections  (multiply  exponents  by 
1/2  and  change  the  factor  1//tc  to  l//^ii   in  each  measure  differ- 
ential). Certain  other  changes  are  noted  in  the  errata.  Those 
of  the  form  described  above  occur  in  the  following  lines,  all 
in  Chapter  I: 

6;  7*  13;  8*.  7* 

9;i,3,5  i£;l|.* 

ll;l*,8*,5*,3*,2*,l*         l8;5>lrf 
12;2A,5,6,5*A*  31,17  . 

* 

Also,  in  Chapter  I  the  topology  is  given  as  determined  by 
l(l"|).  To  correspond  to  the  usage  in  later  chapters  make  appro- 
priate changes  to  correspond  to  I(  [•  |  )  'a  in  lines: 

6;10,9*,7*   and   7j"l,6,8* 

Further,  insert  ",  for  each  a  >  1,"  before  "by"  in  line  6; 9  and, 
to  avoid  confusion  write  "a"  for  "a"  in  lines  6;11,13. 

I-  3» 6  change  "ds"  to  "n(ds)"  in  each  integral 
12  write  "s  €  J y"  for  "sin  ^y" 
5;5  insert  "as"  after  "Then," 
7;5  change  "Pn"  to  "Pn"  after  "partition" 
9i3*,l*  divide  exponents  by  2 
10;  1,3, h    divide  exponents  by  2 


11 


13,#10     change   "Chapter  VIII"   to  "Chapter  VII" 

15  "(oVH)-1  jexpKbx  -  x2/2)/o-2]dx  =  explorer2]" 

8*     insert  "J"  over  "j"  and  delete  extra  "("   after  "4"   in  j 

first  exponent;    insert   "1/2"   in  second  exponent  and 
change  «*"  to  "2n"   in  \T~". 

7*     change   "<j>2"   to  "^  "   in  exponent   and   insert   "2"   before  1 

V  ir  "/""".  j 

6*, 5*     change   "l/li"   to  "l/2"    in  the   three   exponents 
15;8        the   letter  before    "instead"    is   "£"  ■ 

ll\,     the  middle    term  should   read   Mh[  l'<Ks  •  )ds  '  ]"  1 

3*  insert  "does   the"  after  "Just  as" 

17;11  insert  "cylinder"  before   "functional"  I 

16  insert  "cylinder"   before   "functionals" 
5*  change  "Chapter  VI   and  VII"   to  "Chapter  VIII"  j 

18;8       insert  "homogeneous"  after  "general" 

18;9*,5*    delete  "a"  before  "£[" 

19;8       delete  "-"   and  change   "Caussian"  to  "Gaussian"  . 

10*     change   "dti(s)"  to  V(ds)" 
20;8       change  «AvAiw  to  "(Av)Vki" 
21;10     change   "djiCs)"   to  'V(ds)" 

22;9       should  be  wI(f)  =  y/HT  ~X    [      h(y)  exp[-y2/2Jl]dy." 

5*     ,fI(gz)  =  exp[-|  tz2)»  "°° 

23; 1       change  "gz"  to  "gz"  ' 

2       change  "lA"  to  "1/2" 

3.       VSQT  "X  Jh(y)exp[-y2/2e]dy" 

$*  Hias)  =  v/hi  -1  p  h(x)e-x2/2£  dx  =  ymr1  \ 2  e-*2/2£dx" 


tA2 

3*    right  hand  side  should  be  VH7"1  exp[-x2/2j]dx." 

JX1 


2I4.JI       right  hand  side  should  be  VH"1   [       exp[ -x2/2]dx" 
5*    delete  "|"  before  "b2"  "°° 


ill 

25#10  delete  "it"  and  enclose  "almost  all11  in  quotes.  The 
meaning  of  this  statement  is  that  the  analogous  rela- 
tion "[    |fu(s)-f(s)|exp[-s2/2]ds  -*  0"  implies 

J -co        ^ 
fv(s)  — *  f(s)  for  almost  all  s  in  the  case  where  f 

and  f  are  functions  of  s,  a  finite  dimensional  va- 
riable so  (+)  has  a  corresponding  implication  by  ana- 
logy. At  this  point  there  is,  of  course,  no  measure 
on  the  space  of  functions  and  the  qualification 
"almost  all"  has  no  direct  meaning. 

26;  1*  insert  "|"  before  "gv" 

27;3   let  D  =  eC 

k       "(2')   exp[Jb2(s)ds]  <  D  .  » 

11  insert  "|"  before  "=" 

•       .      2L„ 
13  insert  "al(e  n)  +"  after  "<" 

6*-  change  "l/U"  to  "l/2"  in  exponent  on  right  hand  side 

U*  delete  Ml/2M  in  exponents  on  right  hand  side 

28; 3   insert  "f"  after  ttl/2,f  in  exponent 

5   right  hand  side  should  be  "exp[|]b2(s)ds] ." 

29# 10,12  divide  exponent  by  2  ^ 

31; 15.  divide  exponents  by  2 

17  divide  last  exponent  by  2 

2*  ttI(f)  =  exp[-|  Tr(log[I-K])]" 

II-  kik  insert  "J"  after  "1/2" 

9*  change  "form"  to  "from" 

7;7#  insert  "J"  after  "=" 

8; 9*  change  "Then  y2"  to  "Then  Jy2" 

III-  2;12  cha  ge  "4ds"  to  "4(s)ds"  in  numerator  of  right  hand  side 

9*  change  "Pi"  to  "PcJ" 

5;7  insert  "11,"  before  ,,U1t42)w  on  right  hand  side 

6*  change  "f"  to  "fp" 

.2*  change  "characteristics"  to  "characteristic  functions" 

6;12  change  "sequences"  to  "consequences" 

10;  11*  sum  on  right  hand  side  should  be  "  ^H  " 

v<x-a 


iv 


IV-  U;l*  change  exponent  of  right  hand  side  from  <5  i"  to  Ml/aw 

5;  12  change  "R  "  to  "R  " 
'        °    m      n 

V-  7#1   change  "subsequence"  to  "subsequences" 

9  Insert  ",  not  necessarily  monotone,"  before 
"subsequence" 

13  change  "provised"  to  "promised" 
lO;!!*  reference  should  be  "(see  V  82d)M 
ll;-8«  insert  "final"  after  "the" 

3*  change  "PSP"  to  "PSnP" 
13# 12  insert  after  line  12  the  sentence,  "The  construction 
and  proof  for  dim  P  >  1  is  similar  and  the  union  of 
the  resulting  sets  is  clearly  dense." 

VII-  1; 7   insert  "^U),"  after  "by" 

11  insert  "an  element  of  t   \i    )    [where  £  is  the  carte- 
sian product  of  &   with  itself  r  times],  that  is" 
after  "be" 
2;\$     change  "(III)"  to  "(see  Chapter  III)" 
3; 6*  insert  "£"  making  "i  "  out  of  "  " 
kiS       "formula  (15)"  should  be  "formula  (*)" 

8   integrand  should  not  be  squared;  integral. should 
13  integrand  should  be  n[?rl   -  P*l](s,s)M 
6*  insert  after  line  6*  the  sentences,  "Ve  note  that 
this  formula  is  taken  to  define  the  right  hand  side 
rather  than  naively  interpreting  i(s,s)  directly  as 
its«t)  with  s  =  t  and  integrating.  Since  i(s,t)  may 
be  chosen  arbitrarily  on  the  set  {s=t}  (which  has 
|i(ds)*ii(dt) -measure  zero)  without  affecting  £[•]  the 
naive  integral  bears  no  relation  to  the  functional." 
JJ;1*  change  "we"  to  "We" 

T*  "|x||=  (g^  [y*  ♦  z*])l/2," 

6;5   divide  the  v-th  term  of  the  sum  on  the  right  hand 
side  by  v 

10  change  "(l+cy)"  to  "d+ev)/v"  and  "(l-ev)"  to 

"U-ev)/v" 


10*  "(15)"   should  be   "(*)" 
?|6       insert  w£"  between  "of"  and  "one" 

9*     change  "terms11  to  "forms" 
8|6       ehange   "[m/23-i"   to  "[m/2]";   note  that  here   and  as 
limit   in  the   sum  on  line  13*  this   is   the  number- 


theoretic  bracket  funetion9 

fm-2k  rm-2k 

c™  i,89   between  "C        "   and  "  " 

•11*  insert  ")"  on  the  left  hand  side  before  "="  and 

fk 

Mi"  after  MJ  "  en  the  right  hand  side 

10 j ?*  insert  "1/2"  between  "-"  and  "]Tk" 
11;1|.   insert  "1/2"  in  exponent 
1U|5   change  "u"  to  V 

VXII-  l;l|.  ehange  "(3*1)"  to  "(V-3.1)11 

9  ehange  "(2^)^  to  V2iTk" 

10  ehange  "l/alxll2"  to  "!UlP/2" 
7*  insert  "3i"  after  "on" 

2 1 10     ehange  "ealss"  to  "class" 

15     insert  quotation  mark  after  "functions" 
..  Jill     add  "that"  after  "such" 
kl  12*  change  "|f  1  =  eo  "  to  "jjf||  =co" 
5|6       ehange  "integral 0"  to  "integrals." 

11*  ehange  exponent  from  "-l/2y*"  to  "-y2/2" 
6|5   ehange  "even  normable9  much"  to  "normable." 

6   delete  "less  integrable," 
?;1   change  "VI"  to  "V" 

10  change  "(ZGI"  to  "IQ( |" 

6*    change  "P^"  to  "P^"   and  n?2^  to  "P29i" 
^5*    change  "s^Sp"  to    fSp^V1 

g*    insert  "x"  before  "e  %"  under  "sup" 
10j9,10     change  "e2  =  1/2^"  to  "e2  =*  6^2" 

U*  ehange  "1/2  minU^eJ"  to  "minU^eJ/2" 
lljlO  change  "[PP-PJ"  to  "HFP-PH" 

3   change  "f(Ufx)"  to  "f(Ux)" 


vi 


13; II4.  right  hand  side  should  be, 

"U(x).fn(x)|.|Im(x)|  +  \tU)\'\aix>-Z   (x)|" 
ll|;U,5  change  exponents  in  each  line  from  u-l/2x  "  to  u-x  /2U 
5  'Change  V2rt"  to  VSi"1" 
10*  change  "(•v.)"  to  "  (•,v.)"  and  insert  semi -colon 

after  first  "0" 
8*  change  exponent  from  "-l/2x2,!  to  "-x  /2" 
*   1*  change  "B  .<  1/21"  to  "2B  <  I" 
15; 6-10  should  be 

11  L(Ax, x)exp[  (Bx,x)  ]^G(dx) 

«  i/Sit"00  1    (Ax,x)exp[-J(x,x)+(Bx,x) ]dx 
=  y^ii'^f    (Ax,x)exp[-|([I-2B)x,x)]dx 
=  v/5^"°°t    (Axtx)exp[-|  II/H2B  xl^Jdx 

=  V^"00      det  /T^B  [  (A/rr5By,/rr2By)e-|,y  "  /2dy" 

16;9       change  l!MGM  to  VG" 
k*    delete  the  asterisk 

IX-  1;8*     add   "if  this   exists,"  after  "[0,1]" 

2*    insert  "a  set  of  pairs   of"  before  "arbitrary" 
2;  2*    change  each  "]"  to  a  ")" 
6;  11-13     should  be 

vsf*'1  r     expi^-^idx  +  k-*-1* 

Jh2-kA 

=  kmkmmlt  +  y/tt'1  f  exp[-x2/2]dx 

Jh2kA 

<  k~kmlt  +  v^~1  exp[-h2k/^]       f or  h  >  2." 

16    change  "U/A"  to  V^iT1" 

X  -1;2   change  "Chapter  IV"  to  "Chapter  V" 

8*  change  "Chapter  XIV"  to  "Chapter  XII" 


. 


vii 


2;8   Insert 


10 

XI-  1 
10 

11 
19 

XII-  3 

5 

7 

19 

20 

21 


10  change 

7  change 

15>*  change 

If  should 

1*  insert 

5  change 

3*  change 

ll|.#  insert 

7  insert 

10  insert 

5  change 

7  insert 

7*  insert 


XIV. 


2;9 
3;12 

13 
2* 

5;  15 

16 


change 
change 
line: 

change 
change 
change 

delete 


i|(x)  = 


*l/2"  before   w\  "  in  exponent 

*>0 
•hi"   to  "k["   on  the   right  hand  side 

■finary"   to  "binary" 

•fiven"  to  "given" 
be  "l.u.b."  on  right  hand  side 
tJeJ 

V1  making  "x(s'lo)"  on  left  hand  side 
•>  oo "  to  "<  co* 

!reduct"  to  "reduce" 

*e  Sv"  between  "is"  and  "is" 

comma  after  "themselves" 

'jt"  after  "space" 

!to  £,  norm"  to  "in  the  £~   norm" 

■)"  before  "  |du" 

•)M  before  "  |du" 

x-l/2s2"   to  "-s2/2"  in  exponent 

'i'u)"  to  "4(u)M  and  insert  after  line  12  the 

'(1U.9)  Lemma.   (Tt  t  Tg  tP](x)  =  [Tg  t  P](x)." 

Mil*. 9)"  to  "(1U.10)" 
'x(v)"  to  Vv)" 

•utj.*]"  to  «utft  [*,*]" 

remainder  of  the  page  and  substitute 

'4U) 

♦(x-t^+t) 


<Kx-t1) 

<Kx-kt1+t1+kt-2t) 
Y(x-kt+t-t, ) 


0  <  x  <  t 
t  <  x  <  t1 

t^  <  x  <  t,+t 

t^+t  <  x  <  2t1 

0  <  x-kt,  <  t 

t  <  x-kt,  <  t. 


K~c  t  jf» 


This  is  evidently  unitary  as,  clearly, 


poo  P        (CO 

Jo^'No4 


2(s)ds  +  J  '\|/2(s)ds 


»co 
0 


or 


Ihill2*  Nil2  ♦  IMI2  =  lU.tl II2    .    ■ 


Tilt 


6;0 

3 

5 

7;U       change 
3*     Insert 


.  1* 
8;7 


delete  diagram 


u_it 


it  .it 


tti.  u 


change  first  "="  to  n+ 

change  upper  limits  of  both  integrals  from  "t"  to  "t, 
'Lemma  10.10"  to  "Lemma  llj..l0" 


2*  insert 


ciange 
change 
second 


•L  -«.  w  after  "(x)" 
tx-t2 

1  L  -♦  "  after  "(d<t>)" 

tl"t2 
lt1"  to  "t2"   in  both  places 

fs -"  to  "s"  and  insert  "|.      ;    "  after 

'(x)"  X     2 


£.1 


Epilogue;   Remarks  On  Theorems  by  Palsy  and  VIener 

It  Is  manifestly  clear  that  the  Ideas  developed  In  these 
notes  were  motivated  to  a  great  extent  by  the  work  of  Nerbert 
Wiener  in  connection  with  the  so-called  "Wiener  integral" • 
Though  the  notion  of  Integration  in  Hilbert  Space,  and  the 
associated  concept  of  "corona",  were  developed  independently  by 
the  seminar  participants,  (by  means  of  the  methods  given  in  these 
notes),  Professor  Wiener  has  suggested  that  a  portion  of  this 
development  Is  contained  Implicitly  in  his  work.  Due  to  dif- 
ferences of  conceotual  framework  it  Is  not  clear  hoy  to  evaluate 
precisely  this  "implicit  inclusion" •  However,  we  shall  attempt 
to  sketch  out  a  rough  correspondence  between  a  subset  of  these 
notes  and  portions  *f  the  material  c ontained  in  chapters 
IX  and  X  of  Paley  -  wiener  (Fourier  Transforms  In  The  Complex 
Domain). 

We  note,  at  the  outset,  that  there  exists  a  minor  formal 
difference  of  framework  In  that  P  -  V  considers  a  basic  struc- 
ture formed  from  an  infinity  of  complex  variables  whose  real 
and  Imaginary  parts  have  independent  Gaussian  distributions, 
(P-W,  pg.  II4.6) ;  whereas  in  these  notes  only  real  variables 
are  used* 

The  Hilbert  Space,  H,  under  consideration  in  P-W  is  that 
of  the  functions  of^2»  and   the  fixed  basis  eikx  ,k   =  1,2,  ..., 
Is  used  throughout.  The  unrestricted  sequence  space, '/%K 
corresponding  to  this  basis,  is  then  provided  with  a  Gaussian 
measure,  u.«,  which  is  essentially  the  same  as  the  one  provided 
by  means  of  the  Kclmogoroff  extension  theorem.  Thus  the 
underlying. structure  is  precisely  a  basic  corona  in  the  sense 
of  these  notes.   If  a  unitary  transformation  T  of  H  is  given, 
and  A  is  Its  corresponding  matrix  representation,  for  x  e  5vJ? 
(row  vectors)  this  induces  a  transformation  of  %  Into  v7? 
given  by  *■"" 

xA«   , 


E,2 


It  is  then  proved  In  P-^r  that  this  transformation  is  defined 
on%9   apart  from  a  set  of  &u  measure  zero,  and  is  1-1  and 
measure  preserving.  Thus  in  particular  for  a  measurable  set  S 

(1)  ^(S(1))  =  ^x^SA,)(i))  > 

where  we've  written  S/, \   so  as  to  reiterate  that  the  points  in 
question  are  given  as  row  vectors  of  coordinates  with  respect 

to  the  fixed  basis*   Applying  this  result  with  A  replaced  by 

•1 
A   we  also  have 

(2)  MS(1>)=  ^(^(l)'   • 

The  theorem  of  these  notes  concerning  transference  of  measure 
from  one  basis  to  another  focuses  on  the  unitary  transformation 
T  as  a  n change  of  basis'4  or  as  a  "change  from  one  coordinate 
system  to  a  second".  This  transformation  may  be  represented  as 

x(l)  7*"  (^(2)  • 

V 

Furthermore,  for  the  basic  corona  associated  with  the  second 
basis t    (denote  its  measure  function  by  jip),  it  is  proved  in 
these  notes  that  the  above  transformation  is  (apart  from  sets 
of  measure  zero)  a  1  -  1  measure  preserving  map  between  it  and 
the  original  basic  corona*  consequently,  we  have 

(3)         ^(s(1))  =  n2((s(1/)(2))  , 

Since  it  is  easily  seen  that 

(fc)         ^((sa')(i))  =  h2((sa')(2))  * 

The  equivalence  of  (2)  and  (3)  follows* 


E.3 

We  reiterate  again  that  the  above  remarks  are  intended  to 
provide  a  guide  for  a  rough  comparison  of  the  two  methods  under 
consideration.  At  this  point,  we  would  like  to  add  that  the 
methods  developed  in  these  notes  have  some  advantage  in  that 
they  provide  clear  and  complete  proofs.  Considerable  effort 
is  necessary  for  rigorously  verifying  the  claims  made  in  P-V 
tbottom  of  pp.  1$3)  concerning  the  extendibility  of 
theorem  XLIV  (in  particular  to  theorem  XLIV*  )  . 
A  similar  comment  applies  to  the  argument  on  the  middle  of 
page  165  in  P-V. 

In  conclusion,  the  authors  of  these  notes  should  like 
to  express  the  sincere  wish  that  they  have  not  conveyed  the 
Impression  that  the  current  work  in  any  way  detracts  from 
the  stimulation  and  value  to  be  found  in  Wiener !s  work. 
Rather  it  is  our  hope  that  these  notes  represent  worthy  evidence 
of  such  stimulation. 
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